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~This report presents the results of a program designed to study the in-rluence of three-dimensional effects on the aerodynamics and acoustics of
ixial flow fans and compressors. To avoid numerical solutions of the full
~onlinear three-dimensional equations, a linearized analysis is employed.
rhis is first applied to the determination of the steady loading on a three-
~imensiona1 annular blade row with a prescribed camber line in inviscid corn-,ressible flow. The blades are represented by pressure dipole singularities
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N

‘ in a lifting-surface formulation , and a collocation procedure is presented
for inverting the resulting integral equation. Comparisons are presented be-
tween the present results and those of two-dimensiona l strip theory and an
inverse three-dimensional theory. Next the analysis is extended to the case
of unsteady flow through the rotor, such as might be caused by inflow distor-
tion ox blade flutter. The integral equation for this case is somewhat more
complicated , but appears to be solvable by a suitable extension of the pro-
cedure developed in the steady problem. Finally, further comparisons are
presented between a theoretical model of rotor-stator interaction noise de-
veloped under a previous program and a current series of measurements made
in an annular cascade facility. ~
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FOREWORD

This is the final technical report prepared by Ca lspan Corpora tion
on a portion of a m ulti-phase program sponsored by the Air Force Aero-Propul..
sion Laboratory, Air Force Systems Comaand, Wright-Patterson AFB , Ohio under
Contract F336l5-76-C-2092, for the period 1 June 1976 through 31 April 1979.
The work reported herein was performed as part of Phases I and II of Project
3066, “Investigation of Rotating Stall and Turbine Heat Transfer in Axial
F low Turbomach inery”, with P4r. Marvin A. Stibich , AF APL/TBC , as Project Engineer.

Dr. Gary R. Ludwig of the Aerodynamic Research Department of Calspan Corporation
had overall technical responsibility for the program, and carr ied out the ex-
perimental measurements. The theoretical aerodynamic and acoustic analyses
were performed jointly by Drs. Gregory F. Homicz and J ohn A. Lordi.
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~~~~~ defined in Eqn . (2a) for steady analysis of Section 1; defined in
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p density
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SECTION I

DIRECT LIFTING-SURFACE THEORY FOR THE
STEADY LOADING ON AN ANNULAR ROTOR

A. INTRODUCTION

Increased emphasis on reduction of the size , weight , and noise output

of axial flow turbomachinery demands improved understanding of the flow

through high-speed fan and compressor blade rows . The task of calculating

the fully nonlinear , three-dimensional , viscous flow through a blade row is a

formidable one indeed . Consequently, some approximations are required in order

to obtain a tractable model , the most familiar being the idealization of inviscid

flow through a two-dimensional cascade. However , as more detailed questions

are asked about modern blade row performance, the essentially three-dimensional

character of the flow takes on increased importance .

This section is a report on our development of a three-dimensional ,

direct lifting-surface solution for the linearized , inviscid , steady flow through

-l rotor. Specifically, it presents a collocation procedure for inverting the

l inear integral equation which relates the local loading on the blades to a

‘i-escribed camber line ; this integral equation had been derived as part of

our effort under a previous contract. 1 Although such an analysis is in principle

limited to low pressure ratios, it holds the promise of increasing our physical

understanding of the rotor flowfield at a cost well below that of numerically

solving the full nonlinear equations. The present approach also contains impor-

tant features not present in the two-dimensional approximation . For example ,

it does include disturbances induced by the trailing vortex wakes which result

from variations in the blade circulation, and the results reported below show

this to be an important effect. The analysis and techniques developed here

should also prove useful in the study of three-dimensional , unsteady loading ,
treated in the next section.
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the stud of 1 i~iear i :ed  , c o m p r e s s i b l e  thr ee—Ji mens ~on.i 1 fl~m t h r o u ~ h

an a n n u l a r  hi  ode rot~ beg an ~ i t h  the e a r l y  wo r k  of ‘lcCune . wh o in i t i t I  lv  c on -

sidet-ed onl y the d i s t u r b a n c e  g e n e r a t e d  Nv the blades ’ ticknes s d t r ~ N u t  i o n . 
-

Oku ro u nmu and ~c C u n c~’ e x t en d e d  the  a n a l y s i s  t o  t r eo t  he l o a d i n g  p r  ~h I em t~h ere  LU

the c r cu l  at ion , , is  spec i f  i ed.  In  t i l  l y ,  t hev ’nodc led  ~‘i ch  1’ 1 ode is

a r a d i a l l y — o r i e n t e d  1 inc  v o r t e x  of \ ; t r i a b l e  spanwise s t r e n g t h , and were able

to o b t a i n  u s e f u l e x p r e s s i o n s  for  the o v e r a l l  st it  i c  and t o t a l  p ressure  r i s e , and

ch ange  in ax i a l  ye icc i t e  . They l a t e r  gen era l i :ed t h i s  t%o r k to i n c l u d e  f i n i t e

chord e f f e c t s  in  a l i f t i n g - s u r f a c e  typ e • i n a i v s i s , ~ i t h  the  b l ades  :nod -’lt’d i - ~ :~

d i s t r i b u t i o n  of these  r a d i a l l y - o r i e n t e d  ~~ r t i c e ~~.~~ \ g o i n , on l y  t he  d e s i g n

r rob l em was cons ide red , i . e . ,  comput in ~z the  camber l i n e  requ i red t o  ~~~~~~ a

n r e s cr i b ed  l o a d i n g ;  t h i s  can he reduced to an i n t e gr a t  ion o~ e r the k aoi~n ~.ortex

d i s t r i b u t i o n .

.Just is in isolated i i  r f o i 1 theory , the s o l u t i o n  to the o f f - d e s i g n

problem , in w h i c h  one seeks the loading produced b y b lades w i t h  a p resc r ibed

camber l i n e , is  more d i f f i c u l t  because i t  requires  the i n v e r s i o n  of on i n t e g r n l

equa t ion .  McCune and Dharwadkar 8 cons ide red  t h i s  p rob lem in the c on t e x t  of

- t P r and t l  l i f t i n g - l i n e  a p p r o x i m a t i o n , u s ing  the vor tex  typ e of a n a l y s i s  presented

in R e f .  5. ih i s  work represented the e x t e n s i o n  to sub sonic  f low of I t l c a o ’ s
l t ~ 11c a r l i e r  i n v e s t i g a t i o n  of the incompres s ib l e  case .  Namba was the f i r s t  t o

t r ea t  the o f f - d e s i g n , or d i rec t , Problem u s i n g  a l i f t i n g - s u r f a c e  type of

a n a l y s i s .  He used pressure dipole  s i n g u l a r it i e s  t o represent the b lad e l o a d i n g ,

in contras t  to the vor tex  representa t ion  of McCune , et ;i l .~~~ Salaun l a t e r

app l i ed  a pressure d ipole  representa t ion to the p r ed i c t i on  of the unsteady b lade
ioading.~~~’~~ Al though  not concerned w i t h  the steady problem per se , Sal aun

b r i e f l y  discussed i t  in Appendix D of Re f .  13 ; however , no numer ica l  r e su l t s

were obtained for this case.

Thus , the present work , which also employs a pressure dipol e approach .
most closely parallels that of Namba ; in fact , the lasic flow model and the

assumptions made are almost identical. However , we found that our form of the

resulting integra l equation differed from Namba ’s in several significant

respects. Accordingl y , a major portion of our effort under the p r e v i o u s  c o nt r a c t 1 
• 
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was spent in trying to reconcile these differences , or barr ing that , to dec i de

w h i . h  f o r m u l a t  ion w a s  correc t .  We under took a d e t a i l e d  rev iew of a l l  the  s t e p~
lead ing  to the fo r m u l a t i o n  of the i n t eg ra l  equat ion .  In p a r t i c ul ar . i t  w a s

v e r i f i e d  that  our pressure monopole and dipole singularity solutions do , in

f act , s a t i s f y  the govern ing  pa r t i a l  d i f f e r e n t i a l  equat ion , and that  our expre ss~ ous

for the pressure and velocity fields associated with the entire blade rots

exhib it the appropriate discontinuities across the blade surfaces and trail ing

vortex wakes. It was also shown that the pressure and v e l o c i t y  fields satisf y

global mass and momentum balances in the duct. On this basis , it was concluded

that our formulation of the integral equation is the correct one .

This review of the lineari:ed analysis was reported in d e t a i l  in  R e f .  1.

~u r i n g  the current contract , we have also found that  our f o r m u l a t i o n  of the

problem agrees w i t h  that  g iven by Sa laun .  In add i t i on , Salaun ’ s ingenious

m a n i p u l a t i o n  of the i n f i n i t e  series which  ar ise  provided us w i t h  the l i n k

n e :essarv  to demonstrate  the a n a l y t i c a l  equivalence  between the horseshoe

v o r t e x  r epresen ta t ion  of the blades used by ~tcCun~ et i i i .  ~~~~~~ and the nressure

d~~’ale  representa t ion  used here . This equivalence  is discussed in Appendix  A .
m d  f ur t h e r suppor ts  the v a l i d i t y  of the present in t eg ra l  e q u a t i o n .

The m a j o r  e f f o r t  under the current cont rac t  has been spent in d e v e l o p i n g
— in e f f i c i en t  means of inver t ing  the in tegral  equat ion governing the d i rec t

— i f t i n g - s u r f a c e  problem.  As w i l l  be seen below , the method of solut ion is the

second f e a t u r e  d i s t i n g u i sh i n g  the present investigation from that of Namh a .~~
he procedure adopted here is f e l t  to be a more d i r ec t  ex tens ion  of the kerne l-

~:n c t i on  methods f r equen t ly  used in isolated a i r f o i l  theory . Moreover , the form
i . ~ucd for  the unknown loading allows analytical expressions to be der ived for

t i e  required spanwise and chordwise in tegrat ions , thus a f f o r d i n g  grea ter  accu racy

and improved e f f i c i e n c y  in terms of computer t ime .

Sub-sect ion B b r i e f ly  reviews the basic f low model and in t roduces  the

gove rn ing  in tegra l  equa t ion .  Sub-sect ion C describes the solution procedure .

m d  numer ica l  r esu l t s  and comparisons with other theories arc presented and
d~ scu~ sed in Sub-sec t ion  D.
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B. FLOW MODEL AND GOVERNING INTEGR A L E QUATION

The model assumes the blade row is housed in an infinitely long, hard-

walled annular duct of constant hub/tip ratio , h , containing a uniform sub-

sonic axial flow at Mach number fri , as shown in F i g .  1. The f low is assumed

to be invisc id and steady in blade-fixed coordinates. In this reference frame ,

the inflow has a relative velocity (J~ = [U
a+wr~~~] 

‘~2 
, and fol lows the

hel ical undisturbed stream surfaces defined b~ ç e — 
~~~~

- 
~ = constant.

The blades are assumed to produce only small perturbations about this undis-

turbed f low , allowing the linearized boundary conditions to be applied along

these surfaces. The inviscid and small perturbation assumptions further imply

that the disturbance flowfield is irrotationa l , and hence isentropic. We
1 -restrict ourselves here to cons idering only the case where the undisturbed

relat ive Mach number at the tip is subsonic. This ensures that all disturbances I.
will damp out far upstream of the rotor , and that far downstream only those uue

to the trailing vortices will remain.

Since the problem has been l ineari :ed , the dis tur bance f ields
produced by blade thickness and loading may be determined separately and then

superimposed. However , this separa tion, is not as straightforward as it is for

a planar , isolated airfoil. In the thickness part of the rotor problem , the blades

“iust be cambered to achieve the condition of zero loading. This zero-loading

camber l ine , or “thickness-induced camber” , can be calculated as an integra l over

the known source distribution once the blade thickness and the operating condi-

tions are prescribed. This point is discussed at more length in Refs . 1 and 14;

the lat ter contains sample calculations as well. In the idealized case of

inf initely thin blades , the present loading analysis can be applied directly

without consideration of this effect. However , for blades of f in i te thickness ,

the ana l ysis assumes that the thickness-induced camber has been calculated and

that the geometric camber is measured from this zero-loading camber line .

As men tioned earl ier , the derivation of the governing integral equation

appears in a previous repor t,1 and so will not be repeated here except for a
brief outline to introduce some concepts. The first step is in the manipulation

4 —
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of th e linearized flow equations into a single equation for the perturbation

pressure , -p . A singular solution to this equation , or Gree n ’s function , is

then found which ~h y s i c a l l y  represents an ideali:ed point force/volume a ct i n g
on the fluid. This will be referred to as the pressure dipole solution. 

•

To ob tain the pressure f ield for the ent ire blade row , these singulari-

ties are distributed along the undisturbed stream surfaces 
~~~

with the dipole ’ s strength equal to the local loading, 
~~~~ 

Cr~, , s,,) . On a
-il ade surface , .S

~ 
is uni quely rela ted to ~~ , and so we set ~~p ( r ,~~0c ~ 0 )

= 
~~p (r ’~ , , and transform the chordwise integration to one over the axial

coord inate. The resulting expression , Eqn . (134) in Ref. 1 , is:

_ _ _ _ _ _ _ _ _  r
~~~~~~ ~~ 

— 

~~~~ U ( i - ~~~) r! f ~~ 
~ 4~~

(
~~,2• ) 

~~ 
Z -~~,) ~

S
i 

~~~~~~~ 
~

~~~~~ ‘ r J ~.I ~~~~--. ~~~~~i ~ ~~~~ /U

A ,,., eM ( 
~~~~~~~~e 

~~~~~~~~~~~~~~~~~~~~~~~~~ d z ~ ~~~ 
(1)

nere

- I’~’8l U 
/ ~ ~~~~~ \

Z ~~~~~çi’ (2a)
• 
“

~~~~~ - 

~~~~~~ 
~~ ~~~

)

f ‘~~~ i5k ~~~~~ 
(2b )

i.~~6 ~~
2r r .. ‘3w C”, ~~, Z 1 ) — fl-j r L~

”8 ,;-~ 
- 3k ( E ~~~~~ )] (2c)

- m: ~- : the remaining symbols are defined in the Nomenclature . It has been assumed
i r convenience in Eqrt . (1) that the axial projection of the blade chord , C~
~n Fig. 2, is independent of radius , though this is not essential to the analysis.
Eqn. (1) has been shown to yield a pressure field which is continuous everywhere
except across the blades , and satisfies the same hard-wall boundary condition

~mpo sed on the pressure dipole solution ,

a.t 
(3)

~~~~~~~~~~~~~~~~~ 
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Eqn. • 3) is  equ i ’ ;a l e n t  to r u i r l n g  t h a t  the  r a d i i !  ~e l o c i t e  m i n i s h  at  the nub

and t i p .

The above r e s u l t  is a s u p er p o s i t i o n  of duc t ~odes w h i c h  are  s in u s o i d a l
,T r

in 0 w i t h  •i fundamenta l  p er iod  ~~~~~~~ . have a complex exponenti al dependence

on . and whose radial variation i s  d e s c r i b e d  by the r a d i a l  e l g e n f u n ct i on s

and t h e ir  a s so c i a t e d  c i g e n v a lu e s , ~~~~ . T h e  R~~~ k denote l i n e a r  comb i-

na t ions  of Besse l  f u n c t i o n s  of the f i r s t  and second k ind  w h i c h  ~a t i~~fv  Lq n .  ~~~
rhe i r  argument is actual ly ~~~~~ f , w h : c h  is written here simpl e is ~~ for

the  sake of b r e v i t \ . Fhese funo t :ons  arc descr ib ed at l eng th  by McC ime ~~~~ and

Ty l e r  and Sofr ~ nJ~

Knowing ~~ , the no rma l component of t h e  d i s t u r b a n c e  velocit y , ~~~~~~ ,

i, see Fig . .~~ can h~ ob t a i n e d  by i n t e g r a t i n g  the  cor responding  momentum equa t ion

from ups t ream in f in ity a long  th e  u n d i s t u r b e d  h e l i c a l  s t r e a m l i n e  t h r o u g h

Lr’ , & , ~~ ) .  Th i s  r e s u l t , o b t a i n e d  by c o m b i n i n g  E~ n s .  l l 4 S ~ and l l n 4 ~ ot  Re f .

~~ , i s :
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Note that the terms in the first four lines of Eqn . 14) are identically

zero upstream of the blade row. The first two lines represent contributions

from the rv~~~O , , or plane wave mode . The next term , wh ich invo l ves
rad ial derivatives of the loading, represents the infl uence of the trailing

vor tex pattern. For fixed ~, , this term is independent of ~ downstream of

the blade row , which reflects the fact that the vortices are convected downstream

without attenuation along the undisturbed streamlines. This will be referred to

below as the wake term .

In the last group of terms , sin ce we have assumed Mq < 1 everywhere ,

one can easily show that A,.~~~ from Eqn. l a )  is always real and positive.

Uence , these terms rapidly attenuate as one moves away from the blade roi% , and

- ,ill be referred to below as the exponentially decaying terms. When the ti

rel ative Mach number becomes supersonic , certain modes will propagate undamped

down the duct. This was first noted by McCune ,~~
4 who was thus able to relate

the resulting acoustic radiation directly to the blade thickness distribution.

-~uch nodes are identical in form to the propagating duct acoustic nodes ~tudie~
by ry ler and Sofrin ,15 which have since formed the basis for numerous investiga-

tions of turbomachinery noise.

The above expression for 2r~ was shown in Ref. 1 to he continuous

across the blade surfaces , as is required physically. As part of this demon-

stration , it was found useful to integrate the exponentially decaying terms by

parts with respect to ~~, . At that time , it was anticipated that this altered

fo rm for v,, , Eqn. (172) of Ref. 1 , would be used as the basis for the desired

integral equation. This approach was later abandoned for severa l reasons , the

pr inci pal one be ing the added complication that appears in the integrand

ra ther than 
~
-p itself , and the former can be expected to exhibit singularities

at bo th the leading and tr a i l ing  edges.

To convert Eqn . (4) into the desired integra l equation , the right-hand

side is specialized to the reference blade surface , ~ O . It is also conven-

ient for machine calculations to rationalize the resulting expression so that

only real ari thmetic is involved . From here on , we w i l l  work wi th the f o l l owing
dimensionle ss coordinates,

I — - - - - 
~~~~~~~~~~~~~~ 
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•

—~ 2 (S b )

and p a r a m e t er s .

~~ - ‘-
• ,

- ~~~~~~

One can e~pres~ t h e  as p e c t  ra t~ o and .t so lidit y parameter based on t h e  c~~n s t a n t

axial chord proie ction . ~~~ , ~n terms of these dimensionless groups:

Aspe ct rat: •~ ~~~—
‘ - ‘~~~~ — (ôb )

3c 3 - ’~• -

Solidit y at t i n  = — (bc)

\~ a convenient shor thand , we a l so  define

—
~~~~~~

- ‘\ . a (7a)
\ ~,5 ,

/ ,~.•‘i ?-  -

L~ ~~8 
- 

3 ~7b )

in ter’n s of which ~~~~~~~~~~~~ beco mes

r ~~3

=

L :3~~r

rhe loading is nond imensional  ized by the dyna mic pressure  issoc m a t e d  i~ it bt the

irn i fo rm a x i a l  velocity,

L~. ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
•
~~~~ 

-
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A 0

The eft-hand side of Eqn . (4) is related to the blade  geomet ry  as
follows. Let ~~~~~~~~ denote the function desc ribing the blade camber line
as a function of streamwise and radial coordinates isee Fig. 2), after accounting
for any thickness-induced camber as noted above. Then the blade boundary cond i-
t ion requires that

P • ____ a 
~~~~~~~~~~~~~ (9)

where we have nondinensionalized and S by the local semi-chord :

.,
7.,& . ~~ •• .s — 

— (W )

On the reference blade ~ S c~~ ~~‘ * 
where ~t = tan~ ~~a) is the local  on-

d:sturbed flow angle (Fig. 2), and c~ = C c.~~ ~~ . It then follows from the
def initions in Eqns. (5) and ilO) that ~

with the above definitions , the integral equation relating the blade
camber l ine to the unknown loading can he wri tten as :
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r~ r ’ .
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ro fjc:~~~t it e the so lut ~~~ nrocedure desc ribed 
next I i ke  p o w e r s  of ~~

H bee n greured t~~gotlme:- t h e  e x p o n e n t i a l  ly decay :n g  terms. The coeffic m e n t s

of -
~~~ i :m these ter::~s are g :‘. en b y :
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As noted in the Introduction , and d iscussed more ex t e n s i v e l y  in  R e f .  1 ,

s i n t e gr a l  equa t ion  does net  agree w ith t h a t  de r ived  by Sa mba . The d i f f e r e n c e s

can be traced hack t o  the  so lotion for  the pressure  f i e l d , Fqn . 1) . Samba ’ s

express i on for - -c’ ~R e f .  11 , E qn . ( 1 5 ” ) .  quotes a d i f f e r e n t  fo rm for t he

:~~ term , and als o contains a “scale fact or” , f L)~ in his

t e r m i n o l o gy ,  w h i c h  does not appear in our r e s u l t .

Before proceeding to solve Eqn . (11). the singular ities which can arise

in the in tegrand warrant some discuss ion .  In the form in which the wake terms

f irst appeared . Eqn. 1ltYi) of Ref. I , the ~. . and ~ series could he shown to
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and for ~ ~ they a re :
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d.x~ cx; (14f)

- , ~.,an f
- r~~ .~~ -;p ‘? 

- --—-- a 6 IX~•Z a1— r )  
~~ .4r.c~~~

_ Z .) 
• ) ‘~ (14g)-

I ~~~~~~~~:‘
- r*—* i3~~~,. ‘7g. ~~~~~~~ ~~~~ i z - z ,I

~~~~~~~~~ 
-~~~~~)~~~~~~~ 

~~

• (~~~— Z0 )~~

( 14h)

:~here it is understoo d that  ~~~ ( i  - i  ) 
~ 

As-.-~ ( C i  - 1)  C..o-~ X~ 2 It  so
happens that both the radial and axial integrations defined in Eqns. ~l3) and
114) can be performed anal ytically , which is a great advantage over schemes
r equ i r i ng  numer i ca l  quadrature . The r e su l t i ng  expressions are given in A ppen-
dices B and C; for the present , it is assumed that these quantities are all
known .

Next we choose a set of col locat ion  points  [~~~ , Z~ 3 , ri - 1 , 2 ... NN
~~ r 1 , 2 . . . N L . .  , at which  to evaluate Eqn. ( l l~~, and define

15~~ —
~~

—-
~~ (d , x 2 )  C

S u b s t i t u t in g  Eqn s. (12) - (15) into Eqn . (11) reduces the integra l equation to
the following set of simultaneous linear algebraic equations for the Q..~ j 

‘.s

Z U;~ (
~~ , X.~~~) Q.~~~ a ti - 1 2 ,  N N  la 1 ,2...

(16)

‘I
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where \~ N ~ N — S S t o  t- m h - - ~v s m  em t o  !‘e d et  ci - - mi  m i n t  - the ~‘ l o - m e j i :  -

::matr : x V represt -i:r th e dm -n-mm-; ‘, ‘nIes-~ m m’s -n .h 1 ’m 5~~ H ~t 5 m t  ¼ -  1 •

the — * l oad imm ~: :htn~-: ~cn . ihese ia- gime n ‘‘

a ~~ -~~-.. ~~ 1’U 1 f , , z 2 ) — 
.1 

- 
— -- i -

— 1

~1— r - ~. * - ‘  - - - 
a - - 

- ;
~ w 

~~~ ~‘~~~8ic .r ,) — .a ’~~~
— v.., ~~~~ )~~T~ ~~~~~~~~~~~ t )  ~~~~~~~~ ~~

4 r.r L ~ ., 
~~~.‘ (‘~i.S ’  ~~..g ..

- - ,. , -

-I- — 
s_ ¼ ~~~~~ ‘

~~~~~
-
~ ~~~~~~

~~rr 
~~~~~~~~~~~~~ )

_ _ _ _ _ _ _ _ _ _ _ _ _  
;~
‘ ~ ,

•( 
- 

-
- ., -~~ . •~3 -Z

4 t’t 3~~( e ~~~ j-,1
2
~ 

~ ~~~~~~~~~~~~~~~~~~~~ L~ 
(f  H 

~~~ ~~~~~~~~~ C .~~3k 
C ~~~~)

-c 5 Th-a~~
- 5~~~~ ) ~~~< ) ~~ 6 - ~~

)

where N M  and tmI R ire the terms at w h i c h  the  r~1 and ~ serie s .i ma ’ t rmlnc ;tte¼l

am ’ sace t iv e  lv -

In w rit ing thln - 17 . use hits been made of time Ic! lo wi ng ~ imp Ii i i  ca t  t e i m

t im ’ wake term . icr each ( , * i t  heccme~
a - - a -)  r -

.Z. ‘“
~~
“ Z , ~_

‘
~~‘ ~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~ :

- 
I ~~~~~~~~~ 

~~~~~~ ~~~~~~~~~ ~ —6k ~ 1.

1 i. R
~ — : a . ~ ~ . 1_ t )  ~~ 

‘

~~ ~. 
—

~~~“ k I t

th is term i s seen to m a ui sh i d e n t i c a l  l -e  t o t -  the  uni form -s~’a n w i  ce l~’n l  1 :1 : :  t : l m h t 1 0 m m .

• i s  i t  should , since t he re  i s  no t i - t i l i n g  m o a t  ic it ~- i n  t h i s  0 : 1 5 0 .
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Before solvin g the matrix equation in 116) , one more feature of the

solut ion needs to be considered ; namely , the hard-wall boundary conditi on i n

Eqn . ~3) requires that ~~~ have :ero spanwise deriv ative at the hub and tip.

This condition can be enforced automatically as follows. If Eqn. (12) is

differentiated with respect to ~~ and the resulting expression set ~~ual to

:ero at c T *  .& and I , two equations invol ving the will f o l l o w . S i m u l t an e ou s

sat isfaction of these two equations will, in genera l , depend on ~ • But i t~ it

is required that they be satisfied for all X~( ~~l , and for each i n d i v i d u a l l ,

then j~ ~~~~~~~ , and 
~~ 

can be solved for un iquel y:

— 1) 1 — 4 ) lSa 1a.,, ~~~~ — ~~ d.- a.~ 
- 

~~~~. — - ______________

I ( NJ  — 2 ) ( i - 4~~~~ )

~~J - 3  
(

~~~~~~~~~~~~ l N 3 t

~~~~~~~~~~ e . c~. e - -  Sb3

In effect , for each value of Eqn . (5~ has been used to express two o f the

radial coefficients in term s of the remaining NJ -2 ) .

Upon subst ituting Eqn . ~lS~ into (lb). one obtains an altered -:m~i rrix

e l u a t i o n of the form :

‘~~I N J - ~

~ (
~ , Z 1 ) - r~ a 7 , 2 - . . NN 2 - • ,2~~~ 

~ (19a)

-5h~~m-~ the  e l e m e n t s  of the modi f ied  m a t r i x  U ‘ are g i v e n  !-~y :

— 
J r , , ~~

) — U.
1 , Z~~~)

(l~ b)

xii ) — ~~~~~ , z~~) ~. S, ~~~~~~~~~~~~ ~~cf~ U 1 v ;~~~~ • Z4 )

~

Note that  the • te rms remain una f f ec t ed , s ince  they sa t  1sf ’-  the re~iuj  red con-
d i t i o n  t r i v i a l ly .  Since the  number of unknowi~s in E q n .  (19a ) has e f f e c t i v e !’
been reduced to N Z  ~ (NJ -2 ) 

* the number of c o l l o c at i o n  po in t s  simould be
reduced according !’- . In v iew of how l~qn . ~1SC~ was de r ived , the most Iog i c i i

- - - -~ —1—”- - 

~~~~



r - - 

~~~~~

- -

I
approach would be to reduce the number of spanwise stati ons in order to get

NN ~ ‘JL — ~ (~~4 J - 2 )  . Once having set up the matrix equation . its sol utm on

was carried out be using Gaussian eliminat ion wi th p ivotin g for the cases  m a - n o r t e d

here. This yields for all L and 1 - . - N 3~-2 ; t he a.~~,N J O  and ~~~~~~ , ~~~~

are then obtained from Eqn. (IS).

The local loading at any point on the blade is calculated from Eqn .

(12). The form of tha t equation also allows simple analytical expressions

to be derived for the sectiona l lift and moment coefficients , the overall t o r ~i i ie

and a x i a l  force coefficients , the  s t a t i c  and t o t a l  p ressure  rise , and the t u r n i n g

produced by the rotor. The inte grations involved ire elementai-v , and so on ’~’-

the results will be quoted .

The sectional lift on the bl ade ~~~~ is p e r p e n d i c u l a r  to t h e  lo ca l

undis turbed  f low , and considered positive when in the *r’ d i r e c t i o n  l i i : .  . ) .

We def ine the l i f t  coeff ici en t as

__________ C’ ~~(~~~r ~~) Z~ “2 ~‘~~
‘

/ -
~~~

- cu- , e
2

Vs 
~~~~~ I

1 a (Lt ,~~ ~ ~~
. a.

~~ 
)

rhe p itching moment M (~~ is t aken  about the blade mid-chord and considered

posit ive when clockwise (Fig. 2). Its coefficient is defined is

* 4 !

—
• 

- 
~~~ 

- 

[ 
j j  ~~ C~~3”. Z ’~~~ X

2 •~~ U ~~ ( 2 1)
~~~

- - ‘~~ ~~~~~~~ 
- T’~’~ 

)

-rust as in i so la ted  a i r f o i l  theo ry , we see tha t o~~l~ the  f i r s t  few ch ordi .  i ~e

load functions contribute to the net l i f t  and mo men t .

16

~



- -- - -  -- -

The om e ra l l  t orque e x e r t e d  on the fluid by the c o m p l e t e  b l a d e  row , T *
LS  ce n s~ de r ed :o s ~~t L v e  s-hen counter-clockwis e ~is one looks downstream (lig . 1~~.
~e def:ne the t c r p i e  c o e f t ic tent as:

— 
.“ C~~-’~~ ,.-

I ~~ 
~~~ 

‘ Z
2 ~ ~~~ ~

- ‘r3 ~~ 
-~ f \— r -~~~ - — 

~~~ 
- _______2 ~~~~~~ ~ 2 2j

the axial force exerted be the blade row on the fluid , ~ ~ is considered
positi ve i~hen it points upstream . The analogous coefficient is obtained m acin :

3 -
~ ~~~~~~~ / —

-

, ~~~~~~~ ~~
~ E1~~~~&- ~~) ~

The net st a t i c  p ressure  r i s e  across the row can be evalauted from
Eqn. ~l) at ~ • * and when no rma l~ :ed by the dynamic pressure of the ax i a l
flow becomes

- - 2 ~~r 2 ‘~~m 

~~~~~~~~~~~~

The st a t i c  p r essure  r a t i o  i s  e m i s i l  shown to b e :

~~ —

2

where here 
~~

‘ is the spec i f i c  heat r a t io .

In duct  coord inate s , the rise in total e nt h a lp v , and hence tot al
temperature , can be related to the work done on the fluid. The t o t al  pre s sur e
ratio can then be obtained from the isentropic relations , and the result i s ,- ‘ to first order in small quantities:

_ _ _  - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

.00 # LL. i~7 Z )  (26)
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The hr a~ k et s  on the  l e f t  i n d i c a t e  t h a t  a c i r c u m f e r e n t i a l  average tas been

taken. ~fter all owing for differences in notation , it is readi ly shown that

h - i n s .  ( 2 4 )  :ind 2~’) are equiv alent to th ose  g iven  in R e f .  5 .

One can a l so  express the c i r c u m f e r e n t i a l l y - ~ive raged t u r n i n - ~ a r od uced

by the rotor in e i t h e r  duct or b l a d e - f i x e d  coord ina tes , ~~ or ~~ res p e c t i v e l y ,

in terms of the above parameters. Turning is considered positive when t he  f l o w

is deflected counter-clockwise i:-i Fig. 2. T~ first order , ~~ = - ? ~?/o and

where ~~~~~ can be put in terms of ~~ and -
~~~ t h rough : 1

= C~4~*3 -

~

. 1r5 ~~~~~~~~~ ;/-.

(i +~~:~~~
z )

/2 
E~~~+~~~r~~) ~~

-p
V. — ________

5 
p U (28)

and and mr,~ are given by Eqns . ~j \  and ~4 ) ,  r e s p e c t i v e l y .  The resu ’m r s are :

_ _ _ _ _ _ _ _ _ _ _ _ _  - ~~r)

~~~~~~~~~~~~ ] ~

- 

~~~~C ’- )Ci~~~~~~~2 ~3O)

i t  is seen that , whereas ~~ depends o n l y  on c o n d i t i o n s  at  the loca l  radius ,

_1~ is influenced by the overall torque as well. Eqn . (3(i ) is equivalent to

that cited by McCune and Dharwadkar. 8

D. NUMERICAL RESULTS AND DISCUSSI ON

A computer program implementing the solution procedure described above

has been developed using double precision arithmetic throughout so as to
minjmj:e the influence of round-o f f  error. Six cases have been run to test ‘

18
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the program over a broad range of operating conditions , as specified by the

input parameters B , -& , M , çt~,. and r)~1. . Table 1 summarizes the values

used for each case , along with a brief descrip t ion of the spec ified cambe r
line . The first three cases were designed to test the present theory against

a two-dimensional strip theory at a high hub/ tip ra tio , where one would expect

strip theory to provide a reasonable approximation . A similar comparison is

drawn in Case 4 for a low hub/ tip ratio , for which three-dimensional effects

are much more s ignifican t . Finally, Cases 5- and 6 provide comparisons with

the inverse three-dimensional theory of Okurounmu and McCune .6’
7

TABLE 1.

INPUT PA~A~~TE~S FOR CASES 1-6

• .~~~. f Axial. Mach * ~~ * .
~~~~

. 
~ 

a
Case 4 3 r ,, M 

—

- 
‘~ Li ‘ 2 ‘r Camber Line Shape

Flat p la te  at 5
1 50 0.3 0.5 1.0 0.03 local angle of at:ack~

2 I 50 0.8 0.3 1.0 0.03 10~.parabo1i~-arccamber

3 50 0.8 0.5 1.0 0.06 — 

~1at ?ia te  ~~ 3°
locai angle of attack ;

4 30 0.3 0.5 1.0 0.05 Flat plate at 3°
Local angle ~f attack

S 40 0.8 C.5 1.497 0.0833 Free vortex design

6 40 0.8 0.5 1.497 0.0833 20~~ var±at iori in -:

In each case , NI = S chordwise and NJ = 5 spanwise loading functions

were used to represen t ~~~~~ . Along the chord , NL = S collocation stations were

equally-spaced between the leading and trailing edges, x ±1; in the spanwise

direction , NN = 3 collocation stations were equally-spaced between the hub and

tip, ~“ h , 1. The number of azimuthal modes included in the calculation ,
NM , was 10 in all cases; the number of radial modes included , NK , was set at
20 or 30 depending on whe ther ~~. was 0.8 or 0.5 , respectively.

19
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1. Comparisons ~ith 2-ti Str i~-’ Theory

i f l  Case  1, the  camber I LDC wa s spec ied to be .t f l a t  ‘1 i t o  a t

each radial station ; hewe~ er , a radial t w i s t  is i mp ar t ed  to the blades s u c h  a s

o hold the local angle of attack , ~~~ , constant at ~3 d egr e e s .  the h i - ~h

hub 1- t i p  r a t io  in t h i s  case suggest s  tha t  the l o a d ing  n i g h t  be r e a s o n a b ly  w e l l

predicted by a p p l i c a t i o n  of a t w o - d i m e n s i o n a l  s t r i p  t h e o r y .  Uowever , caution

must be exer c  ised in inak ~tig suc h coni p ar i  son s; as n o i n t e d  out by 
~kCont’ and

Dharwadkar , 
S 

two—dimensi onal cascade h e or v  defines the und i s turhed flow

ve loci ty  as the v e c t o r  mean of the infl ow and o u t f l o w  v e l - oc i t ies . whereas i n
the present three-dimensiona l theory , i t  is defin ed to be the in fl ow i e l o c i t v ,

- ~ ~nce the d~ f f e r ence  between these  re ferenc e d i r e c t  ions does not
depend on a x i a l  nos i t  i on ,  i t  amount s  to us i n g  a d i f f e r e n t  a n g l e  of at  t a c k  in

the  t w o — d i m e n s i o n a l t h e o r y , 
~~~ 

,
~~~ 

, than w o u l d  be used in t h e  three — LI iri en siona 1

theor . ~~~ . though the physical blade geometry and i n f l o w  ~-el oc ity are t h e
same . The difference between the t wo  ang les  is p r o p o r t i on a l  to the net turning

across the r aw , wh ic l~ in turn  can he re late Ll to the  sec t  iona I I c~adiug

___________ - _________ 
(3M

~~ 3O 4 r ~~~’ 3  -~~~~~~
, ~~~~~~~~ c.

~he lift coefficient C,~ is more convenient to w ork  w i t h  i n  a s t r i p  theory  th in

that  def ined in Eqn . ~20) . It is easily shown t h at  to first order in the  per-
t u rba t i on  scheme 

* 
the two ire related by C~ C~ cos ° ~~~ .

Now the t w o — d i m e n s  i o n a l  theory  p r e d i c t s  t h a t

— ____________

where the factor ~ is defined as the rati o of the lift on a b l ade i n cas ca de

to the lift on the same blade operated as an i so  I a t t’d a i t - t o i l  . For f l a t  p l a t e
blades  in incomprt ’ss i b l e f low , t h i s  factor has been expressed  i n  c lose~I fo rri by

Pisto lesi 1 
i s a function of the stagger angle , ~ , and so idit ’ —c—

20
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the va ie s of s t t - ,~ ei- and s o l i d ~ t \  t o  L e ised :a ~-i n .  L 33 ~~~~~~ t I c ~5 e in  t h e
car re s ‘una  a g nco:nr res s i 1 flow - the~ a : L ’ r e l at e d  t~~~t h e - ~ aes ~a the

ori~ ina ’ cascade : 1 0 w  t h r o u g h  the Pr and t  I - I auert t ransfo t-~:at ion Jesc r it ~ed b
~o o l - i r d

Ad .. IA)C
= 

~~~~ 
=

- 

-

~~~~~~
t~~~ii ~ 

= —

_ _ _ _ _ _  
2

Fl~ -’nination of be t i seen  ELjn ~~. ~3 l )  and i 52 )  then  gives:

2 r ~~’Z~~~3,)
~ 

.
~ -~ ~~ ,3 - . 4. 

, 
-

-

A comt’arison f the strip theor predicr~ aii s at’ F~p i .  ~~~ fo r t h e

c o n d i t i o n s  of Case 1 with our three—dimensi onal ca l - cu l - i t ions is given i : i  Fig . 3.

When viewi ng these and subsequent results for it shou lJ  he kept  in m i n d  t h a t
the spanwise variation in L w i l l  be even greater , since the local dynamic

nressure and cho rd both increase w i t h  r ad ius .  The agreement betw een the two
c a l c u l a t i o n s  is seen to he qu i t e  good at m i d - a n n u lu s .  However ,  wherea s  the
s t r i p  theory p r e d i c t s  a 33 incre ase in ~~ from huh to tip, the t h r e e - d i m e n s i o na l
r e s u l t s  show l i t t l e  v a r i a t  ion . The corresponding chang e s  in  the  ci r c u l a t  ~L1fl .

from hub to tip are +6~~ and l9~- , r e s p e c t i v e l y .  Thus,  significant trailing

vortex effects can be expected despite the h i g h  h t i b ’ t i p  ratio.

The cascade factor ~~ in Eqn . (33~ was computed to be 0.~~ at mid-
annulus , indicating tthat the blades are operating nearl’ as isolated a i r f o i l s ,

This results from the low solidity of the blade row , which at this radjus is

roughly two-thirds. Hence , one would expec t the chordwi se load d istri buti on
to closely approximate that of an isolated flat plate. This comparison is show-n

21
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1

in F g .  4 , where  the  t so la ted a i rfo t 1 r e s u l t  has b een i -o r -n i i i  :ed~ ” t ~n-~~. i c :  - ‘r

-~~ ~ 50 as t o v i e  Id the  same sect ional 1 ft , - -

_ _ _ _ _ _ _  _ _ _ _ _ _  -

1~~~~,

The agreement ~s seen to be e x c e l l e n t .

In  Case 2 • th e b I ada s a r e is s :nnad to  ha ve :e i-a a u g  I c  ~‘(  .i ac k i-a l i t  \ a

to the in f l o w  i t ’ lee it ~ and a nara bo l i - c  — a rc  camber line or herw 1 50 • t h e  m a t

parameters are the same is in Case 1 . The r at m a  ‘f na \ i niim c a:nl’e m~. ~ , a

the l oca l  chord l e n gt h  i s  ake  to  i a  0 . 10 , and const ant w i t  ii m t d  as .  \s

Case 1 , one would  expe c t  t h i t  the  h i g h  huh - t p rat t o  and I ow s~’li d ~t - w L ’il l a

cause the  t hree—d imens ion a I r est i  1 t s to aprro.ic h ho ~e f ar  ~i t w o  — LI i nan  s~~o - m a  1

i so l a t ed  a i r f o i l  . In  the t w o — d i m e n s i o n a l  th eory , t he b l a d e  cam ber  ¼~’nt  r ‘ut e5

to the l i f t  c o e f f i c i e n t  in the amount

2 ‘T ~~,

—
— 

— 
3 

— lu•wj I* _ — 
I - ’

5- - —
where ~ ~ is the ascade cor rec t i on  f a c t o r  er camber analogous to k ~ in  the

case of the f l a t  plate cascade. U n f o r t u n a t e l y ,  w h i l e  ~~ c an be e\pressoLI  in
closed form , ~~~~~~~ cannot. But it was seen above that k~ is near unit ’ in’wa ’

and so it seems reasonable to assume that t a r  these c o n d i t i on s  ~ i s  also . It

should also be noted that even though 
~ 

0 in this ease . ~~~~~ , , remains f~n ita

since there is still a finite turning. Thu s , if the e i l t r i b u t l ¼ -’ns t r am l qns .  ~~~
and 3 )  are added , and Eqn . (3l~ used to el iminate ~~~~~~~ , . the expression tha t

res u l ts for C. is

- ~~~~~~~~
r 

~(3 I . + “ ~7-~ q

~~L 2 J 3 ~~ .., 

~~ r - ~~~~L~~ -~~ _ _ _ _  
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The comparison betw een the  lift coefficients p r e d i c t e d  b ’ - E u n .  ~~ a nLI

the fall three-di mensional theory f or  Case 2 is u s a  shown in F i g S. \ g a i n ,

good agreement is sli ‘wim at : n i d - a n n u l u s ,  w h i l e  the  sr i - i n  t heo r y  s i g n i f i c a n t  i v

overest imates the  l i f t  near the tin , and underestimates i t  near the tub.

obtained the two-dimensiona l C from Eqn. (3S~ , ~~~~ can be determined f r o m

Eqn . ( 3 1 ) .  One can then compute the  ca t -r e s p o n d i n g  ch o r dwise  load distribu tion ,

wh i ch is a superposition of the contributions from angle  of attack and c a m b e r .

The comparison between t h i s  p r e d i c t i o n .

_ _  

2 -
~ 

-

-

~~~~~

--

- -
~ ~~~~~~ 

= — 

~~~~~~~~ ~
- +

2

and the three-J~nenston~il results at  m i d - an n u l - a s  is shown in  F i g .  4, and a g u n

ery good agreement ~s obtained.

For Case S r~~
1 

, and hen ’ e t ime s o l i d i ty  a l l  across  the annulas , h i s

been doubled; the  other input  parameters  and the camber  line are the same us hi

Ca s e 1 . This case thus : rav ides ~u b et  ter  ch eck  on w h e t h e r  the present n ~-a g r a r i

coi -rect lv predict s blade inter ference e f f e c t s .  I t s  p red ic t  : ans  and those  from

the st rip theory , Eqn. (35~ , are also compared in Fig. 3. The hi gher s o l i d i t y

is seen to r e s u l t  in an o v e r a l l  r educ t ion  in loading , the factor ~~~~~~ new b e i n g

on l ’.’ 0 . o3 a t  - n i d — a n n u l u s  . \ g a i n  i-en - good agreement  b e t w e e n  the tw o t h e o r i e s
;s exh ib i t ed  at mid-annulus , w i t h  the d i ser e n an c i e s  at o ther  s t a t ion s  f o l l o w ing

th e same t rends seen in Cases i and 2. Whereas in those cases , the cho rdwi se

o~ud d i st r i b u t i o n s  closely approximated those for  an i s o l a t e d  a i r f o i l , in this

: i S c  one w o u l d  ex t i ec t  t h e  h ighe r  sd i d i tv  iabout 1 .3 to ~u l  ter the distri bution

~a m e w i m a t .  This  is  i l l u s t r a t e d  in F i g .  3 w hom - c the present  results are again 
S

co-impa red w i t h  Eqn . (Si’) . F i g s .  3 and 5 toge ther  show that the  increased s o l i d i t y
acts to reduce t h e’ ove ra l l  l i f t , and to sh ift more of the lo ad ing  forwai-d near

the l e ad ing  edge at  the  expense of that over the rear half of the b lade .

The three cases discussed  thus f a r  were run to assess the agreement

b e tw e e n  t h e  r ie~~’ltt ma lvsis ~nd strip t heory for h i g h  hub  ti p r at  io. The eon-
dition s for  i~ u se  4 were chosen to exhibit more si gnificant t h r e e - d im e n s i o n a l

effects , with the hu b ’ t1 1’ ra t io reduced to 0 .5  and the  number of h1~ides reduced
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- __________

to 0; the other parameters and the camber line are the same as in Cas e  I .  The

resul ts and comparison wm t h  strip theory  ire shown in F i g .  i’. Both ca!ca itions

show larger r ad i a l  variations than in the prei tous cases , as e x p e c t e d .  \ ain ,

the strip theory significantly underestimates the loading at inboard stations ,

and over e s t  hnates it near the tip , w i t h  good agr ee :nent  at m id- annu lus. ewev er .

the percentage errors relative to the three-d mens:o na l ;‘redict t O U S  11-C mu c h

greater in t h i s  case than in the previous cases w i t h  h igh  h u h - t i p  ratio. It

should be noted here that the strip theory 1’reJic ~~iona from y 0.S  outwar i

are identical to those for Cas t’ I .  This occurs because the two p a r a m e t e r s  -~~

and ~~~~ enter the strip theory calculation only throug h the cascade sol~ d ; t ’ ,

and then  o n l y  as the produc t  B r ~~ , which  is the same i i i  both c a s e s .

the local chcrdwise  load J i st  r i b u t  ~cns a t  the  hub , :n-~-J-unn ;ii u s . and

t i n  r a d i i  as predicted h v  the t h r e e - d i m e n s i o n a l theory  are comp ared in F i g .  -
-

Surpr ~ s~ n gl v , there 15 seen to he i-cry l~ tt1e variation betwee n the’ three . \o

doubt this is due in large p a r t  to our having t w i s t e d  the blades in such a way

as to maintain the geometric a n g l e  of attack constant with radius.

In a l l  four cases discussed thus far, it is seen that the p resen t
th r ee -d imens iona l theory  and a two-d imens iona l  s t r i p  theory show good agreement

only near mid-annulus. The str i p theory tend s to unde res t ima te  the  loading near
the hub and overestimate it near the tip , even when the hub tip ratio is fair1~
high. ~‘tcC une and Dharwadkar

S 
have found the same effect in t h e i r  s tudy of the

three-dimensiona l lifting-line approximation. In their model , each blade was

represented by a single radially -oriented bound ‘cortex. The s t r e n g t h  of the
vortex was allowed to vary r a d i a l l y ,  thus genera t ing  a t r a i l i n g  vor t ex  p a t t e r n .
By computing the r e su l t an t  induced angle of a ttack  at each spanwise station.

‘ccCune and flharwadkar were thus  ab le  to correc t the sec t iona l  l i f t  p red ic t ed
b > - s t r i p  theory to account for t h i s  th ree -d imens iona l  e f f e c t .  The ’ concluded
that the d i s t r i b u t i o n  of t r a i l i n g  vorticitv acts in such -i way  as to reduce

sm ’J n wi se  v a r i a t ion s , wh ich  is cons is ten t  w i t h  the r e s u l t s  Presented here in
F i z s .  3 and 6.

24

______ 
- ~~~~~~~~~~~ - -lL~~ — ~~~~~~~~-—--- — ~~~~~~~~~~~~~~~~~~~~~~~~~



~~. Com:’ar suns ~ i t :m i : m i  er ~ e 3-h heorv

he’ rena i i  t i C t w o  cases , o and i’ , a : e or  n a i. t CU 1-a r - mm :- L - S

ne o ~~ ide c onn .i  r i  su ns  :‘et -~e e:m me n r e s e nt  w o r k  m d  i m m o t  he r r :u -

;m . ::e n s : o r m a  :1 ~ng- ~a r f a c e  t n ~- 5 m~’~ , - u t  o r  Cu : - onn : :u  u:mJ  ~IcCune . 0 ‘ in  c on: :~u st

t o  t h e  o f f — d e s i g n  pr ob l e m  ccns ;Jcrei hal-c , r bme ~ s o l - e J  the d e s i g n  i - b er- . ; . e . ,

th e ’  de te rm~ n a r  io n at  h a t  camber  I ;n.e which w m i l  nroduce a srec m i e d  luid J i s —

t r ’ bu t~ oti . thev :’re ser tt ed r I o t s  of  cambe r l in e  s l op e  ‘. s .  ~h om -dw ise dista nce

-~tm~ :h -~e i n r u t  to our p rogran to see ~f the pred:ctcd lu~ d ag:-eed ~lth t h a t

sne-c~ f~ed :n the de’si~ :i ca l c a h u t i o n .  I w O  ca cu1at~ ons 
-
~~t’ :- e  nerfa rmed ; 1:-m e’ f : r s t

a f : - e e — -~o r r e -e d e s i g n  ¼ Ca se  5) . i n .  —d t~ ch by def ::ut:on the c i r c u i t~~an

n.e ‘1 m acs  . . was cam s t m n  t h r a d : u s  Oku r our imu and ~l cC une :-e fe

t - o  t :~~s as t h o  c ’ : : st a n : - -~- o r k  ca se~ . Iii the second L C1SC n). the cit -cula : ;u:i

v u r : e d  ‘ 0 .  fro: ’~ hub  to  t , referenced to its r~md~us- -~eig hred m ai n over- the

SP L n .  In both cawes , the .ariatiQ fl in .  Jes~ gn t o t a l  r r e ssu re  r a t i o  a cr o s s  th e
annu l -~ s —~~m s :n the r a n g e  I . 10 to  I . 15. The ca ;n h er I ~ne s i - o n e s  had been no rm a i~ :e~i

hi the oi e r m  11 ~‘t a1 ic p r e s s u r e  rise c o e f f : c  k e n t  a c ross  th e  rotors , as J o fined

by ~~~~ (4) . Th~ s u an  i : was assumed to  be Un i t V  in read in g  the  cur ’  es , so

t h a t  the  rresent :‘m-og ram s h o u l d  p r ed i c t  a i~i l u e  of  of one ~f the t wo

hee r~ es are t r ;~l \  c o n s i s t e n t .

For Case 5 , the presen t P r o g r a m  r r e d t c t s  a v a l u e  of 2~~ =

-~h m c h  15 cons  ide red  -.er ’-  good t n  v m e w  of  t h e  i c c i t r u c ’  w: th w hic h the  c amheu -

line slopes cou ld be re~u d f r o m  the g r a p h s .  The p r e d i c t e d  circula r ion , n o r m a -

I i  zed by t he  pr oduc t of the cons tan t  a x i a l  i e l o e i t - , ~ , and the tangential

b l a d e  s p a c i n g  at the tip, ..
~~~ 

, is compared w i t h  the cons t an t  des ign  v a l u e  in
F i g .  S . Good agr e ement  ~s e x h i b i t e d  over the  e n t i r e  span.  The d i s t r i b u t i o n s
of 2,~ are also compared , the design values having been inferred f r o m  Eqn. (9).

ih is q u a n t i t y ,  r a t h e r  than 
~~L was plotted because it reflects the true radial

v a r i a t i o n  in l i f t .

F i g .  9 compares the c!-uordwise load distribution at m i d - an n u l u s  u s
p r e d i c t e d  by the p:-csent ana - s i s  w i t h  the spec i f ied  des ign  d i s t r i b u t i on .  The

lat t e r  w as  p r o p e r t : a n .u I to (~ at  each radial  s tat ion . t
~ Good agreem ent

25



is sno w-n o ’ e r -  t o st  c t  tue  c n-o :-d ; :n. : ‘ r : - i c : r ’ o , ne ~~~~~
- ‘c u - ’~~o

t he Sc r e -  a n o .  a -
~ n o u :- : he 1 a ~ i :r a c  -

~ b y : c - _-e~ s - r e n u : b e -  r of ho raw so

- oc ~u : -~n. ro : r h ~we- . er , s m e  a .i ic  -~ u s  no t  fe  ~u r  t a t  -c -

-
- ~ of  he : :mhe re r r t : : u i c c n r ac ~ :- c a d i n g  I r e  s l o r e s , i s n o t o  i J ’o - e .

- n . f o r t a n . a t e  I :- , u. r -e sa I t  s f o r  Case  o do n o t  exh ~ b : go od ~c r o e m t r :  -

In  t h _ s  case , J~ —~as r-ed~ ctaa t o  he 1. 3 4 , or no r - c than 30~ t o o  h i C h - 1. Fh~ s 15

r e f l e c t e d  i n C , w h : c h  c o n r a r e s  I n . ’ p r e d : c t e d  snan ~~ so - a : - : i z  :ous ::r

and C~ .~::h :h~ se p r e s c r : a e a ho ~k a : - o a n m u  m u d  ‘-l c h m n e :  ou r  r e s u l t s  i r e  s : : ’ i : : i —

ca nt  1 ~ghe r t h a a  t h e  des ~gn 01~~t :~ mi:  ~ons  ov e r  t h e  en:  s~’au -

~he J : - ~a gr - ec --~en :  :n ‘~‘ m s  : m ~ e ~~15 i O t  01 ~~~ - e\ n . a : r C a :  :1 r s  t O o

large to be r e a s o n a b . - asc :-~~bed t o  e r r o e s  in .  r e a d i n g  t h e  camber I ~n.e sl o es. \s

seen f r o m  l ib i  e 1 , t h e  i np u t s  f o r  C a s e s  3 Ind t~ i r e  m d e : i : j c a J  ex c e p t  for  t h e

blade geomet r y . In  Case m , this loads to sigr: fican t t ruil in g or-t ~m \ effects

not r’ r esen t  in Case 5. The vortex representation of :gefs . ô and ‘ uses  an

entire lv different u r t a i v t  i c a l  ex p i -e s s s  ~on for the wake t e r m s  than tat- d :p c  I c

renrosentation used he re  - as discussed in Arn endix \ .  However, tia :i i n g  ‘o r :  e\

effects were by Jeftnition excluded a p r i o r i  f r o m  t h e  f m - c e - v o r t e x  d e s i g n  of

-~efs . ~ and —
. 1!nder these c~ rc imnm st_ incc s , the mo st logical ex:’laui: ion  fo r -

the ~ooJ agreem ent in Case S and lack of agreement in Case ~ w o u l d  be arm erro r-

the numerical evi luation of the wake term s.

In  defense  of  the present c a l c u l a t i o n s , it should  be noted that t he

same number of se loadin g functions was used to  represent  ~~ in bo t h
ises S and o; in f a c t , the ma t r ix  equat ions  w h i c h  were solved in each case ,

Eqn. (19), were identical except for the column :ector of known slopes on the
right-hand side . Thus , trailing i-orticity had the same opportunity to influence

the results of Case S as Case 6, although in the former it correctly proved

mnimrortant. I f  an erro r were Present ~fl our eva lua t ion  of these terms , it is

d i f f i c u l t  to see how it could produce s i g n i f i c a n t  d i s c r epanc ie s  in one c i sc  and
not the o the r .  I t  is hoped to shed further light on this question in the future.

_ _ _  -
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~~. C m i m e m g e n c e  of  C m  l en  l i t  t o m i s

m i v e  -~ m g - i t  a im has bee m i  c m  i - i - ted ‘ l i t  Of l  t t t ~ e f f e c t  a f i-a i i  m u g

t i e  tmuriber of i: m : m m i u t h . t  I m a d  rad i i  n ode s  i n c  I ’u J e d  in the c i  le mulat ton , x~ ~i and

- The s t i t i c  ares-eli I rise c l e f  t:cle n t d e f i n e d  in  i ~m u ~~ I )  was  cho sen  i s

a re pt esemiti t uie i n d i c a t o r  of  t h e  o v e r : m k l  convergence of the c a l c m u l u t i o m m s . The

c an v e r - n . - n c c  of C~ w i t h  ~~~ is shown in  F i g .  I i  for  Ca s e ;  I and -
~ - The’ v a l u e

S -

- i t  N~~ = 10 w i - ;  ch o - ; emi  us  i e t - f e r e n c e , and  ~~m w a s  m e l d  c o n s t u t m t  i t  , u v a l u e  at

f~) m  1 ~~- I umm ~I u ) t ~~r ~
• a~~ - I t  is n h i t  t h e  Cotim cr -g t-mico  ~

ra p i d , m ud t h u r  us (o-w i s  I u :t ::iiuthml n odes  c i v e  m - c i s o m i i h l v  s c o u t - I t o  t~t- ; u i l t  s.

\is o , t h t -  g r o u t  or  t h : n - e  line n s i e m t u l i t m -  i n  C u s o  I i p p e ; u r s : l  ti d the 0 1 1 1 1  e m - g t ’nc e

in  F r .t - I I , h u t  w h e t h e r  t m i s  u~u m u l d  h o l d  rue i n  g o m m e r : i l i h a r d  to sai  - F m -: . 12

r o w - u  t i e  0 ap i  e r :  c i rc e  (a r u so 3 w i t  j i \1 ~ 20 here  the  act  ui a  1 m a  I t e s  a i~ C ~
ire p l a t t e d  bee-muse a’ reli t m e  m u n i t  o t i s  i t - c much  gm- cu t e r , and the “c a1 -r e ’t~t

de s o m i  m a i n e  w i s  k m m 1 ’ w:m 1 ~~i~ i 0 i j  - I t ipim’mrs th ru m hi t ii i :; c i s e, w h i c h  m i s  1

uc I ~~l i r’ :10 1- 1’ t h a n  daub Ic mm t o t~ i i  sos 1 or -l , i t  I c - u  st ~ or 10 terms ar e

needed a ge t  1 : 1  en  no r i i i  ~~~~~ be ! ow i i ) - .

he c o m m v O r : e m i e e  of the cul cuI ~it i o n s  w i t h  ‘
~~~ ‘~ is shown iii l u g .  I S

‘i - C u - n ’ s  I , I m u d  3. The m u  uc of ~~~t ~~is  h e l d  L- o n s t u n t  u t  ii ) i n  i l l  r u n s .
\ o t  t r i o  i -  j i m  n - n m  ~c.i Ic  m m c m  o r - i  aim each cu r i o • i t i - u -;(n. ’ mm hat far c o : r m r m r : i b l  o

s c c u l~ u 1 v  ‘ne : m u - ; t  j mc i : i d o  : i i n \  r i o t -  e r a d i a l  node ; in t he  h i g h l y  t h r c a - d i m e i r - i ’ mm u I

u m  o t h a n  the m o r e  t w o - 1 l i m n e n s  o m i t !  C u s e  1 . i d m m c h  i s  i t i t m u i t  j~-e1~ s - u t  i s(eit i t .

mo hi ho-; t wol i J u t  case , Cm- ; e 5 , - u ~~u i n e x h i b i t s  tile’ s l o w e s t  C o m u \ e ’t n c n c t ’ -

I sho u t  Id be ko h l  t in i i i mmd t h i  t the  co in  e m - :ence of in ane I oca It od

~iu a u i t it i a - u . c - - , the -~ec t Hun I 11 ft , I , or the  lo c a l  I oad d i  st r i  bu t t  I o n ,

c - u n  be ex p ected  t o  be s l o w e r  than that exh ib it ed (or ~~~~~ , - 1: 01- C a s e s  1 , m m md

3 . t h e s e  u p p e i t- to  h a v e  coin  or l :ed  w i t h i n  1 -  w i t h  r e s p e c t  to ~Ji - C u s e s  I and 1
had ii i a  - ‘ t m m n - r g o d  t I  t h i s  e x t en t  w i t  Ii rl ’spect  t o  ~J~ ’ 1  , a l  t h o u g h C l - i l ’ S st  i 11

exh ib i t  ad m i t - i t  t atm -; ott the a tjde’ ~. a C S ~ m be tm ~ eon — ~) mu d h I  - .\t p r e  - ; e i i t

the i o ~: l u 1  mm ,‘r-u ~:e s l i m i t  i t  ed a :- I ~~, u n ~! it s nod i ( i c u t  i an t o  i l l  ow (tint her

m e t - c l - -r e -; in ~ Cam rhi -; one case lao-; not - ; c emn w a r r a n t e d  i t  this t in to  -

L ________
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I i  smmn ttm m.i ‘I , ~t i p ’ t ’ i r - ;  that t Im e m u .  I n s  i an ~i 10 -
- : r u t  ‘ : 1  1 i od a - , m m !

‘I t  seen 2m m m:ul  ~~ r u ,  n i l  -t iode -; J -m ’ t ’  m m d i m i g  ‘ m m huh t i p  r u t  m a  - 
1 

~~~ ‘\ i do - . em m m u c  i

m c c : m r i - - r a t -  -no -~ t ~~~~~~~~ , i t  I - i - - t us i t  I i  ne ’gmrd a mIle s - euro - ‘i am a r m  1 1  p t - n t  ‘ : ‘ -

m a c e  - 
1 t - a i i m - s e , m l i i c o m i c  I i i ; ai m r i i ~ - ham -c to be mmcd t i ed t ‘i a i r  um ~~t - i  s m  g r r i  t i  —

c a n t  ,~u t  -
~~~ de l i t  r i i i  g -  c a m a r o ! i i i  Hi’ Ic  I - Curi l i t  i t  r m~~ l m  • i t  - up ’e.m i -  m u m

u g h  sa l  Hi  i g g r  m i n t  e ,  the 0 1 1 1 1  t ’ m g e r r o e  a t  h o t  h t h ’  m : ’ m n i i i t  l i i i  m m m d  r a d i i  I -no te

,e i- : ‘s - ‘w m u b ’ n  : p rn o c~u -me : ; re q u i r e  mi c r o  r i d  i~u I  r i o d o - - • . m - ‘ o ’e ’e c t e  d • ‘u t

m u ;  r n  ‘ a s r  m 1 ?  ad:  m u m  m i , ’ o u m S  l ’tbcct a mm t h e  e a m u m  & ‘t : o m m c e  of hme a: u:m:it t i l

s er i o -. -

l ie c~ ’ I i i t ’ l l t  e n  i - m i n i m  i m u g  t trio s i-can t r o d  t a t  i i - ’e’- 1 - ( 1  ~~ii t e d  “ t t  usea ti

I 
~~~~ m ’ r i -  -a n t  c~ ‘t i  m t r  t F ~ , I , ( t ; _  , 1 , l t l ,  m~- m om m :r ’i l e t ’ , It t s  1’- ~t m rnat ~- ,1 ‘ ‘ - i t

I m e t ’ u u m u m  rig ‘ i l l ’ ~‘ii  u p  0’I m~ scum ld be reduc ed I ’ m a t ic  , ‘t - a t  a a t -  — 
- hi li-

t h e  mj  a i - m t  ‘ t t m c  s -~t ’ e m i t  I n  cm u l m m u  t ing t he’ i\  i i i  j u t  eg t - a 1- ; , 1 111 ’ m me

rmt ’e, lcd m r  t e  i n  c m  a h u n t  t o t t  i s an  inn  i ’ i l m  L i i  c t - i t  ed be tIme mu mnl ’e r  ~‘( m a t ~- g t -  m i s

i~lm ic h e run l’c done in n  I t j on I I  v be Core round o t~ err au- l ’ e co mm mas , u I ’ l l’ 1 er a st -c

x . ‘t- ~ u r e - ~; u i  - t h e  r - tmnn  m ig i - - m e  e m i t  be ‘\ l ’ec  ted  t o  i n c r , - . m -c ii ‘t I L t

w i t h the sa l  n I t  m - rio t i’d m i t  c, ’ m i t i e ’e t t a n  w i t  ii Ca -r e m; S ari d t ’ - t ,~w e \  e m - t me ’

co o t  ( i c i o n i t  u - m t r i x  m u  l s i u .  u i ~
t
~ deI’ ei m ~i:; o n l y  ‘m m the’ first f u m e  r’mr . ; n i e r  c m - ;  i m i

1 111 10 1~ ftc p r o m l m mm 1 m m - u  ~~~ t S  l~ ’it  t a r  ;t  ‘ i - t u g t i e  n i t  i i  \ OIl t a p e  - so t j r _ i t

;n m t ’ - ; & q m m e n t  m l  c u u l m t  i ’ u m s  (a m - the -u u i ’ me  o I l e r - a t  i th t  c a r id i t i , ’ mi ~ - hu t d i r t  e r e m i t  ‘i n o

o mnrln ’ r I I nc’s , can l~e l’ertorm rie’eI iii ~i n i - u t t e r  , ‘ m  ce’c, ’u t d : ;  -

I - 
- 

I ’

\ - r e t  m , ’,I h u i - ~ l’eeri ‘ i - n u t  t~~t t”’m e~s
1mim h’ uit m p g t l i e  - — t c m i i  l , ’ i t  i r u g  all  1

t i m e e  , !m:nteui - , t O I L I  I m m i i  in  1’ l u d ~’ r ’is l i t  ~ Ol u i h i & ’ ~. - ~ I l’IO t I , ’ls , g I CO i l  Itt ’ ‘ 1 1 ,11 ’

- nn t ’e r  t u n e .  \ k e r n e l — f u n c t i o n  p r o t e~i t m t ’ t -‘ iced to - - ‘l ie t h e  l i t  e g m . m  I e,~m t i t  t o r i

r e l i t  r ig t h e  tu i i k im oi . n l a i d  i i i t t  t o rI m e carmml ’ar I i n c  - ‘ I ’ j ’’  - hi ’ g c i t e — u t adm ~m a t m~-

‘f t h e  - n ’h u i t  ~~~ ‘r - a-o diut -~’ p t t ’-ut ’tite ’d hi&’ rt ’ i .  t h a t i t  i t  low s m u  i t  n- m l  e’\;’ m , - - -s m~’:t--

to be ~I~~t - i m ed t o t - !‘ , ‘t  Ii  t l i t ’ -~ p i r i m s  m ~t ’ m u d  , ta i , ius i -m o i mlt ~’g i u I -  wI t  i e l i  i t t ’ re slim m red -

I :  i t - ; . ’ a I I , ’ms -; t he  m - u u m ’ m t c  ut ’i-o .hti um mmtc m ud p e r t o i m m m i c ~’ pa r umn ” t or- - a t  t i ,  t , ’t  ~‘t ~
to be a \ ; ’r e  - -n - C u - n  -m m ii ’ I t ’ i t  go!’ m - m  i c fuuui ~-t i o n i c  a t  t he’ i , ’ i,i trig ex piri - . t ail c,

0 t I I 0 L u~Ii I S 

- 
- --~~~~

, 
~~~~ 
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i i i  c n m l m t I c n n - ~~~ . m , i ~’ t I n t s f_ m r t i m e  c O t t c e u t t  m i t  cC en c a l n m t ’ L r i  r i g  lie ’ ‘ u , -. ; t
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For the above reasons , it was felt that a more usefu l ex tens ion  of the
lineari:ed three-dimensional  analysis  would be to the study of subson ic  unstentdv
f low through a rotor .  The use of s m a l l-p e r t u r b a t i o n  analy ses  in the  stud ’,’ of
the blades ’ aeroacoustic response to in f low d i s t or t i o n  and to the prob lem of
bl,ide f lu t t e r  is well established , This effort is described in Section 11 .
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SIICT I )N I t

1JNSTEADI LIFTING-SURFAC E THEORY FOR AN ANNULAR ROTOR

A. IN TRODUCT ION

The previous section dealt with the predi ction of the steady loading

on an annular ro tor for which the blade camber line has been specified . Ir’m

this problem , the flow is viewed as stationar y in blade-fixed coordinates on

the assumption that the rotor is isolated , is operating in -i u n i t ’orm i n f l o w ,

and consis t s of pertact lv rigid blades - In practic e of  couii’se , such cotidi t i on s

a re never perfectl y reali :ed. lime close pro x iu m i i t v  of othe r b l ad e  rows , as we l l

as non—unifonn ities in the i ncomin g  a i r , give’ i-ise to  distorted i n f l ows  which

generate unsteady blade forces. These in turn can lead to degu-adntions in per-

form an ce - Als o , vibrations of the blades themseim-as eami somet itnes couple to

the resulting unsteady aerodynamic field in such ,i way ,m s to le~m~l to ser ious

aeroe las ti e problems - Unsteady aerodynamic loads , w h e t h e r  f r o m  i n i f l o w  J i ’m —

to r t  [on or b lade  f l u t te r , al so a c t  as e f f i c i e n t  a c o u s t i c  sou rc e’s , ar i d  hence

the u r reduc t ion i s O n e ’ means of reduc i mm eng j u t ’ no i so .

W i t h  t he  abov e’ appl i cat  ions iii m ind , wo rk was begun on t h e  formu l ,u —

ion  of  an uns t ea dy  t h r e e — d i m e n s i o n a l  i i  f t i n m g — s u r f a c e  t heo ry  for  ini . m n n i u l m r

“ i a ,L -  row - N amu i’a~~ also has extended ~~s an a ly s i s  of the StC ,te!\  f l o w  case t o

r a u t  the unsteady prob lem.  Kob ayashi  la ter  applied N nu itmhnu ’ mm a n n m l v m m  is to the

tudv of pure t o r t e’ (ru m noise due to i n f l o w  d i s t o r t i o n  - i lo w em - e r , the’ same’ sca le

(actor  appears in t h i s  fo r mu l at i on  as was included i m m the  steady pr ob lem.  -‘~s

une nt ioned in Sec t ion I —B , we have found no ust if i ~at ion for  -i t mm presence . an5l

hence feel  the numerical  resul ts  in Re fs - , 5  and ~~ mus t he v u  e’wad w i t h  c a ut i o n  -

:~n laun~~ 
13 ha~ also presented ,m l i f t  i n g — s m m i - f n u c e ’ t hcoi-v for  the unste’,mjv case ,

,m s noted ea r l i e r , and we have shown t h a t  our exp i-ass ion for  the t iressure t’i a id

generated 1w the bl a de’ row is in agreement  w i t h  h i s  - IVe ’ n rc’ hopeful  t h a t  the
,up !) l i c a t i O n  of the te chmi iques developed ea r l  icr  t’oi- the steady problem n - i 11
lead to an e f f i c i e n t  invers ion  of the un s teady in t e g r a l equat ion as w e l l  - 

m~ 
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Sect iou  I I  —~~~ 
1,0 l o m ~ presents the assumnpt t a t u s  made in  i’ ’ ~tn .m ~ u s

mu d t I m e  Z om - e’rr ’t -Lm’ u~ n~ m u ’ t i a l  d i f f e r e n t i a l  e q u at i on  - [ mm S ec t i o n  l i - C , s e ’ l n u t  ion s

he equ at ion  are i cu t co n -r e spo nd  i r ig t a urn s t e’n m d v  ;‘ re mm s u re’ -rmommopo i c sou r COt ’ ”

-in C d tao  lo foi ce ’ -~ i n gu l  .iN t i e ’S - i ’h ie’ h- ut t o n  mr e used iii -‘oc t ion I I — P a

develop t h e ’ press -at’e’ field for t h e  cut  i i e  ‘inide ’ row.  rht s imm ’nmmo , i tn - i

So~~t ion I I — E  to derive the governing integra l e quu .mt  t o r t . m~hose f ea t u r e s  ,u rc

t h e n  Cc sc’assed r e l at i v e’ to t he proposed sq ,” l u t  ~Ofl 
~ 
rocedure - Whe rem -er pos mm I’l e -

t h e  not at ion ’, has be en kept cons istent w i t h  t hat used t n t  See t n on  I t~o u’ he’

stead’- case’ • w i t h ,  a few ex c ep t  ions wh ic h  u~u 11 he’ no t ed  as th ’ u : t  so  -

- FI ~~~ ~~)DEL ,1\D & t 1Vhl ~\ I N G  L~~r [t 1N S

The same geomet u~- i s assumed for t h e  present c ,uso ~us h , md b ’ e’e’t i t u so d

in our earlier studY of the  stead’- load p u - ob l em.  rh~ut i s  - the h ’l .ide’ ron- is

assumed t o  be’ hoem sed in n an in f i n i t  c1y long , h a r d — w a  I led a n n u l a r  due t ~— C  con-

s tan t  t u b  r i p  i-a t io - , con ta in ing  a un i fo rm , iriv is c i C , s u b s o m m  ic a x i a l  t’ low

~mt ~f , i c~u umumbem- ~1 • •us shown in F i g .  1. An y- i m i f l o w  J i s r o u - t j OUS ar c ’ i t on ed  u - m

~riu,m ii pe’ u-t a u-h ,m t t a r t s  at ’oeit  t h is  undi st uirbed s t _ i t  e’ - rhe h lades ’co ~ut o w t hi

conmm t ant tmmg u t a r  m e ~ icc t , w h i ch  iii t h i s  ana lv s  is is  d e not e d  ~ , i-at he’ n- t h a t - i

~~ us u sed p r e’v t ou s  lv - in  keep ing w i t h  the  u~ua1 c o f l \ e n t  ion , th e  l i t  t a r

-mvmI -’o I w u U he’ used Co u’ the harmonic- t im e  dependence b elow - S inca the  b l r m d e

“c ’rr nd ,i rv con du t ions are rio re’ eas 1. lv e’xp t’e’s sod in b l.mj e -- f~ xe’d coo i-C t n.m tes •
-t ~~r i t 1  e’ \ pr a s - ~ th e’ goi - a r n i r i g  equa t t a r t s  in these term s - In this frame’ - t h e ’

;t c ’adv u n d i ; r n m m - h ’ t ’d u r mfIo u~ has a ve l o c i t y  
~~~~ 

, and f o l  lau ~s

the h e l i c a l  s t r e a m  sur fac e ’s de f ined  by . x - ;! cons t a n t - the u n s t e ’adv
flow is assumed to be’ .m smal l  p e r t u r b a t i o n  about t h i s  f low , so t h e ’ d i - m eu rb ,unice

f i el d  will he I rro t .it ion a l and i scm -i t rop ic , The I cuma , u m- u :,ut toil a g a i n  .ul I ows its

to apply the b la de boundary conditions along the undisturbed stream surfaces .

so that to first order in th e  per tu rba t ion  scheme , bl ade thicknes s and c~inu l ’er

do not affect the unstead y loads . We a l s o assum e t h at  the u m d i s t u r b e d  re l ,mt i ve ’

~tach number is subs onic n u l l  along the Span .
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Fhe ’ I u n e m i ’ m ~ed t b mt ’ ’e— di :ne’rts totm. m I a~ n t,ut m~’ni ’~ at ro t n - arm m u m 1’l~m , io

e a r d i : n a t t ’s c ami  t i e ’ni he ’ i’e ’ drneu ’a t o  t i e ’ C a l  ~‘n i -m u:m:I e ‘~l r m a t  n~’u (or  t a -

ac m’ t a r b u  t u on u nor-  sn ,  r ’-’ -

- .-
~~~ ~

where t he ~‘p~’ rat at - ~~~
‘ 

r- Ce’ ( i n ue ’d ,m s

~~

, ~ _ i + 1. ( ‘ -
! \ ~~~ ,‘

-~ L \ ~l-~ • 
- - 

~ ~~~~

. i: ~‘‘ ~~~ ~~~

‘ 
•

•2~. 3i)S ~~~~~ ~~~~~~~~~~~~~~ ,~~~~~ ~~~~~~~~~~~~ ~~

is the  force pam- an t  ‘ , e l n u n n t e  e x e r t  e’d ‘~ ho ‘j u d o  n-an arm t h e  ( I  a i d , ta d - -

r- t i e  nat ~i m  ~ t r t r h ’ e d  -~auinmd r-j’e’e’d .  ~ \:m n n I ’ ~ ho r - ’e’tt s m a r t  I ’  , t h e  ( I a n  a t  nnp- ~t r e a rm 
p

i n f i u n  w i l l no lon~er ‘e’ uni~1m st~m rh ’ e’d . Ci t e  t o  t Im e pre~ t’nce’ a t  ,m c o t i s t  i e m ’  i i  (‘S -

~c cord  i ri g 1 ~ • in  t h  i mm s e’ct i atm we n i I I  r i s e  t he ’ subs C -‘ 
a d e n m o t e’ c, ’ um ~1 t -

i a nts •tt t i e ’ i~e~ t ( ’ re’nCc s t a t e  - l ie’ h~i i ’d - w i l l  ‘a tumid a n- ’ cend i tart ,u t t i e ’ h a ’  and

t i p - :‘~~
- -

‘ 
, can , m ~ a i n  he’ exp ressed  ~m s

- 

~:. .

Fqt i .u t  t o r t s  ~4&1~ nui~l L t I ire the’ s,unlit’ -u s t hose -ma li-ed m u m  t h e  - m m  ead’

f l o w  case , e \ c e ’p t fa n- t i le’ nidd n  t t on  of t h e  th i-e’t’ imn st cad t e’niris ~mt he’ t ’ nm d of

( I~~ b) -

- SOLUTI ONS FOR I’RFSSIIRF ~‘L~NOi’O Ll~ ANI I Dl  P O l l  SI N e l t t  AR l F i l S

If we assume a harmon Ic  - time dependence’ Co t- t he e’\C i t a t  ion,

wh eth e ’n- t t  be due to hl ,ide ’ flu tte’ r or i n l e t  dj - m t o i ’ t ~oTi , the tas- ~u ire ’ arid

veloc i t v  C i a  his w i  I I  a I so be’ h am -m onic  •ut t h e  -‘rune tre ’qtm e ’m1c ~ b ’ ec , ummse  at’ the’

Itn ear i : . t t a r t  of  the eqiirm t ion s  - Therm the ft rst s t ep  m m the  - m a l u t  m ar t  a t ~

- h i )  is t o  obt  a imm t he so - c n m l  led pt-essum ra numammopo Ic so m t  I arm , •‘ , - wh i cli
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satisfies :

7 L i ~~t

r (4~~

subject  to the hard-wai l  boundary cond i t ion  in Eqn . (41) .

This is obtained along the same lines as were followed for the steady flow

prob lem 1, and the result is:

~~ oc R c o-~t R ,,,k~~’O)
~~ e

.4rr 3 r r ~~~~~~~~ k- : O

(43~

- e 
~~( M) ~~ ( r % f l . J C4J) (

~~~~ ) — A t a - ~~~j

where n ow ,

I r .  2 r , a ÷ w

T~ r1 L’- 3K r,. k ~~ 
— 

C ~~~ 
i.) 

j  below cut-off

A (44)
-~-4’ v ’ ( ” a +~~ .i) r ,1 f2 +~~ Q \ 2 

21

( 
r’~) — ( ~~~~~ <,~~~~) above cu t -of f

L ~~~~~~~~~ L /

As before , 5~ 
- - ~

‘ : -
~~~~~ and v—u and k are the azimutha l and radial duct mode

indices, respectively. R ,.,~ arid k,~ are the correspo nding ra dia l eigenfu nc t ion s

and eigenvaiues which satisfy Eqn. (41).

In the analogous steady flow expression , Eqn . (Si) of Ref. 1 , it was

found that since k,~ is always grea ter than rm ’~~
4
, then for subsonic relative

— Mach numbers , ( ~~~~~~~~~ ) a 
> ( As a result , all  mod es we re belo w cu t -

off , with the exception of the ri o , nc o mode . In con tras t, a no tabl e
fea ture of the above solution is that a given mode may or may not propagate

undamped down the duct , depending on whether ( “
~
- )

2
is greater or less

than ( (3 ~ ,

~~~~~ )~
, For modes below cut-off , the signs in the complex exponen-

tial of Eqn . (43) were chosen so that such modes will decay , rather than grow ,

with distance from the singularity. For propagating modes , i.e., those above
cut-off , the cho ice is dic tated by the requirement that the group velocity of

the mode , which is the velocity at which energy is carried in the flow , always
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be away trorn the stngularit> -klternat i d > ,  a small damping t e rn  Lan be added - u

to the left side of Eqn . (4.:), which results in even the modes above cat-off

having a smal l real part in the complex exponential  of Eqn . ~43) , The correct

sign choice is then made by requiring tha t  th i s  part always be negative , after

which taking the limi t of z e ro damp ing leads again to E qn .  (43) -

Ri ght at cu t -o f f , \ ,~~ = ~~~~, i . e .

a 
= 

i~~ 

~~~~ )

2 ~45~

and Eqn . (43) exhibits singular be ha i - i or .  However , at th i s  c o n d i t i o n , t h e

derivation leading up to (43) is no longer valid , so t h i s  s i t u a t i on  must be

treated as a special  case .  The s o l u t i o n  for such a mode is ,
-~~~ ,, -e ~~~~~~~~~~~~ 1 -,

[R~~< ÷ B~k ( Z  + 

4 
1 H ~~~ k L~~~ (4 o )

~ \Z ~~~~~~~~~~~

- 

~~[~~~~
t
~~~~~~~~

O + L _ T .’ ( 
~~ 

)~~ z - ~~•~~] 
-

-

where -R - and ~~~are undetermined constants. This indeterminate nature of the

solution is evidently the result of attempt~ ng to excite a linear system at

on e of its resonant points . Although interesting , such a situation is not

l i k e l y to arise in practice. This is becaus e the set of ~~ in Eqn . (45)

depends only on the hub/tip ratio , blade numbe r, and inter-blade phase ang le ,

whereas the right-han d side is a function also of the rotor speed , excitation

frequency , and ax ial Mach number.

Another interesting feature to note is that the ‘~ • -
~ ~: term in

Eqn . ~43) can be written in the same form as the others . This was not true

in the steady case , where this mode had an entirely different type of structure .

Nor can th e correct steady term be obtained from that in Eqn. (43) by s imply
setting ~~~~~~~~~ . This anomaly is explained by recognizing from Eqn . (44) that

in the unsteady case A~~ remains finite despite the fact that ~~~~~~~ J’ ,

whereas in the steady problem \~~ vanishes. Hence , in the unsteady’ case , this

mode is always above cut-off , bu t in the steady case , i t i s a lways ri ght at

the cut-off condition . The correct form of this mode in the steady p roblem

______ __________
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~~ 

should  thus f o l l o w  by sp e c i a l i z i n g  E 4n .  C4o )  t O — ‘-- r’ ~ ~‘ - and ~e h a v e

shown that  t h i s  is indeed the case .

The next s tep is to obtain an expression corresponding to a pm - u m s s ure
Ji~-u ole sirigularit >- , i.e., the solution to

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(4~~

where is the un i t  vec to r  pe rpend icu la r  to the local  undis tu rbed  s t r eam d i -
re ct ion , as shown in Fi g ,  .:. This ~s obta ined  h y differentiati ng the monopo le
solution along t h i s  d i rec t ion  in source c o o r d in a t e s :

____ _____________ 

3 
*____ — 7~

, ÷(L ) ~~~

‘ 

~~~ 
3 t~, 

- 

u

— 
e ~ en(8 9~

) 
~ ~~~~(a )  ~~~~(~~)

— 

r t 3 2 r /T+ (~~J1)2 n~~-~~

r p ,  2 .ar v-~a ~~~~\1 ~f l r \  ]• 1 L~~~ 

- (
~

) (
~~

) ( 
~ i ~~~~~~ ‘ k - ~~~~~L~~~~~,

)
~~

• e 
(N)

2 
fl 

~~ ) 
-i.) - -

~ 
-2~ I

Physically, the press ure dipole solu tion represen ts the pressur e f ie ld gener-
ated by a unit amplitude harmonic force concentrated at the point C “~ , ~~.

rn the next sub-section , we use it to build up the pressure field for the

entire blade row by- superposition .

D. PRESSURE FIELD FOR ENTIRE BLADE ROW

The solution to Eqn . (40) for the en t ire blade row is nex t ob ta ined
by distributing the pressure dipole singularities along the undisturbed stream

surfaces ~ in Fig . 2 , with an amplitude equal to the local unsteady

force exerted by the blade on the flow . In genera l , we mus t al low for a phase
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d i f f e r e n ce  1~e tn , een  t he  l oading on succes s ive  bl a d t - -c ; J e :r o t i n g  the loc~i l o t

on the th  b l a d e  by ~~~ -~~‘~~ , w e have

= ~2 , - - .

where ~~ is the i nt e r - b ~~m de ~‘hase shi  ft , arm .! ~ .o~ the loading  on t n - re :eroth

or reference b lade . P e r i o d i c i t y  requir es  th a t

= 2 t c

or — • -, 3 - 
(4 9b)

3

h i g h e r  v a l u e s  of ~ ~ou ld  si mpl y -  rep r-ad~.ce the s~~ne ~‘hase s h i f t s , e. g ., -
~~~

is phy-sically equivalent to ~~~. :, so we need consider on ly  those i-a lues of

indicated in Eqn . ( 4 gb ) .  N o t e  however , t ha t  i :m any g iven c a l c u l a t i on  -
~~~

and hence ~ 6, w il l  assume a unique value .

By superposition . the pressure field for the  ent i r e  b lade  row nay he

-~ritten as 
L

~ Cr - , ~~~, & , 
~~~ 

= 

~~~~~~~ ~~~~~~~~~ 

~::‘ ~~~
‘ ~ ‘~~~~ ‘ 

= ÷ ~~~~ -~~

- e  ~~~p ( r , s~~) 
~~~~~ 

(SO )

-~ -r~- r -c we have set ~ p,, = - Subs t i tu t ing  for  -p0 and ~ 5, and t ransforming t h e
streamwise integration to one over the axial coordinate using

fl
~

-
~~t- obtain

C ~~ , Z t )  = ~ ~~~~ J ~ f ~ ~ 
R~ k~~

) R
~ k C~.

4TT 1’~3 r1 r r,,~~-~~
. k:o

1- ru M 2 J2 v’~ vi~2 + u j  fl y ’
.1L - (

~
) (

~~)H~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ p (r0 ,~~ )

e 
~~~(e-  ~~- z ~~) L (!~~ )

z 
( ) c~ 

-i.) _ A
~,k l~~

_
~ .!

(51)
where now r~ rvu 8 +
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I n writing this result , it was as sumed for convenience that the axial ~‘rurec -

ti-on of the blade chord , ~~ c/ ~~~~~~~~~~~~~ was a constant  independent of

radius (F ig .  2 ) .  Also note that  the same ~ymnb ol -~ has been used to denote

both the -ansteady pressure and the integral shift in azimuthal mode number

caused by’ the phase shift between blades ; when used below its meaning should

be c lea r  froa the context  in which i t  appears .

E ,  UNSTEADY INTEGRAL EQUATION

The desired i n t e g r a l  equation relates the  unkno wn loading,  j~~ ,

to :- , , the ve loc i ty  component along the r\ d i rec t ion  in F i g .  2 .  It is this

velocity which is most easily related to the e x c i t a t i o n , whether  i n f l o w  dis-

tort ion or blade flutter , through the surface tangency condition . The ex- L
pres sion for ij

,, may be derived from the normal component of the momentum

equation :

-
~~

--
~~~~ 

+ ~j  - .L (!~ ~~ ‘
~‘ 3 r ~ 

— ( 32a)

whic h , for harmonic time dependence reduces to

UR _ _ _ ÷~~c & v ~~- — ( - - — - - - Fh \ 3 (S b)

;~here i t  is understood that the variables now refer only to their spatial

arnr l. L t udes.  This equation may be integrated from upstream infinity along the

und i s tu rbed  s t ream d i r e c t i o n, S - The constant of integration which must be

supplied is the value of v~ at upstre am infinity . Following the same line of

reasoning give n after Eqrm . (44), we imag ine tha t a small amo un t of d i s s ipa t ion
Is present in the sy-stem while performing the integration , which insures th at

:t,~, (-
~~~~~ ) - The limit of zero dissipation is then taken in the result ,

which reads

_ — 
I 

f e  
‘ ~~~~~~~~~~~~~~ 

(~~~~~ 
- 

~~~) ~~
s ’
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where the integration is to be carried out with ‘ and (or r ) h e l d  ~ons tarm t .

The normal derivative of the pressure is obtained from Eqn . (51) as
— Li,’ a - ~3 r ,  ~~~~T~~~~~~T~’ L u a z

\

.Ci r’ 2
- ( —a--- ) 

~~~~~‘ -= — -

~~~~

_

~~~~~~ ~~~~~~~~~

___________________ 
r 

~~~~~~ ~~~~~~~~~~~~ E4 3
Z 2  

y
’, 

(~~ �.)a ~ ~~~~~~~~~

• 
- 1(r)~~ ( r ) +  \~~4 ~~~~~ 

(
~~~~) 

( 5 4 )

-- ~i 
c + ~~~[~~~ ~ 

(~~~) 
~~~ J

+ 

~~ ~ (ç~~~ e

~~~ and ~~~~~~ are the Dirac delta function and He~ vjsjdè step func t ion ,respect ivel>- , and

M ~ I~11 ~~~~~= — - I_~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~1’  - 

~ 3) 
~ U I 

~ U / (5 5)

The force  ~~ is considered pos itive when it po ints  ia the— d i r ec t i o n ; for the entire blade row i t  can be expressed as ,
5-1

4 ~~~~~~~~~ ~ e H~~ > H ( C~ -~~)

where the minus sign in front is required by the fact that in our convention,2~b is positive when 
~ ( r~ 0 )  is greate r  than -p ( —‘ 3 # ) ,  in which case ~~ ,is negative .

r-. I -.~- 1 .
_ _ _ _ _  ~= 

~./i ÷ ( ~ 7 
= 

~7 i ÷ ~~~~~~~~~~ 2
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Using  this and the definition of ~~~~~ in Eqn. (4 9 b ) ,  we ob ta in

1 ar z’
~~~~~~~~~~~~~~~~~~~ ~~ 1+  

~~~~~~~~~~~~ ~~c ~~~-‘ (Sb) - -
= c ~ ~~ç 4 _ - - ) H ~~~~H~~~~-.z

- -

Subs t i t u t ing  (54) and ( Sb )  into (53) g ive s : *

+ 
4 u~ r-~ ~~~~~ ~ ~~~~~~~ -

~~~~~~ 

~~~~~ ( ç, z0 )

• F c~~) - (~~
) (
~~) A~~~~- ~~~~~~~~~~~~~~~~~ [(~~) F ( r)

+ (~
) F(r0 )]~~ ~~~~ 

+ ~~~ (~~ •
-
~~~) ~ (~~~~~~~~) z ’-~~ ) _  A~ k !Z- i,J

where we ’ve impl ici t ly assumed 0 ~ ~~ -~~~~~~~ , so that the Heaviside step func-

tions in the first term could be set to unity . Since Y , ~~~, Z~ and ~ are each
constant during the integration over ~~~

‘
, the latter can be done analytically .

After  some man ipu la t ion , the result  is :

2 
~p 4  -

e 0 1’3
2
r f:0

d’
~~~

_ 
~~1) fe  ~

+ ‘- -
~~~~ (~~~ -f )

+ 
S 

— 

p
~ k (o ’ ) R ,~k (

~~
) e .  U

4rr f.U~ r ~r °
~~o A r,si.c + (rI

Ja # u)

)

~~
-]

41

- ~~~~~~~~~~~ - L ~~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~ -



[~~~~~ r ~~ 1,) - ~~~~ ~~~~~~~~~~~~~~ (
flL2

J 
~~~

)
2]

~~ 
~~

f lr  ~2rI~

- 

~~~~~~~~~ 

- 
U U [(~~~~~~

)

i~~ 1~~~~~~))
2 ]
~

• e ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-i.) - 
~~~~~~~~ R -~~~~I

- - (
~~~

) [~~(r~~~c~ -(
~~~) 

(
~~

) A~~1- A~~~ [ ( ~~~~f~r~~

r ~~~J ~5S)

where hr - ’  was defined in (55) and

,-~ 
,fl,r / - -C r )  E + ~—~ ) (~~~ ) (~ 9)

U U

Cons ider the convergence of the —
~‘ and ~. series in E qn .  (58)  - In

the last two terms , convergence of the series is assured by t he  pr ese n ce of

the factor e “k 
~ - This is because for r~i (and hence r~ ) fixed , as

- - - - 30
~ becomes large , 

~~~~ 
grows linearly with ~

i t k k > > r~ , n fixed (N ) )

and beyond a cer ta in  point , the modes cu t -o f f  (E qn .  ( 4 4 ) ) .  From then on , \ ,,~~~

rema ins real and grow s wi th  k. , thus insur ing  exponent ia l  conver gence .
Conve rsely , in the l imit of large j r r~) (and henc e ) P 1 )  ) ,  for  ~ f i x e d ,

‘4it is known that -

r > - ‘ , k fixed (bl)
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alid hence , 
-

-

~~ 3 z p_ 1_ 1 b )

Since we have assumed 3~ 0 , convergence is again assured.

Unfortunately - , this exponential decay- is not operative in the firs t

group o r term s under the double summation , i .e ,, those prop or t ional to H~~ ’- ~~~’;

these diverge with respect to both rr~ and k ,  The f i r s t  term in Eqn . (SS~ a lso

poses a problem , in that it exhibits singular behavior on the blade surfaces
- - - - . -

= , which is where we ultimately - wish to evaluate it. S i m i lar

diff~cu1ties arose in the steady’ flow problem ; to remove them in the ~resent

case , a procedure very much analogous  to that used in Ref. 1 was f o l l o w e d .
Namely ,  the  same group of d ivergent  term s ~as add ed and subtracted f rom the
o r i g i n a l  d ivergent  series . The added terms can u l t i m a t e l y -  be summed in the
context of generalized functions to g ive a sequence of de l t a  funct ions  which

exactly cancels the first term of Eqn (58). The original minus the sub-
t r act ed term s , th rough use of the fact that each of the ~~~ s a t i s f ie s
Bessel’ s equation , can be r e w r i t t e n  in t e rm s of the first and second radial

d e r i v a t i v e s  of the  -i ,, ,. - If two successive integrations by parts in the

rad ia l  coordina te  a re ’ then made , and advantage taken of the fact that both

~p and ‘çsat i s fy  Eqn . 1-11) , the resu l t  is a series which is convergent with

respect to both rv~ an d h. -

This group of terms , as in the  steady f low case 1 , represents the

w a k e s  shed by the blades . In the  present case , the wakes c o n t a i n  bo th  trail-

ing v o r t i c i t ~- produced by radial  gradients  in the c i r cu l a t i on , and shed i-or-

tic ity created by the fact that the circulation is now varying in time as well.

L Since the manipulations described above are quite similar to those used in

Ref .  1 , but somewhat lengthier , they are not reproduced here . The end result

for  t’ , is :
- r ‘

~~~~~~~~~ Z )  / dz
~~~~~

2~~t 3~~1J~~~r J

+ 
B ( € ~J.)

2
~~~~• f~~ e

’
~~~~~ f~ a ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

2 TT~~0 LI11 
r j
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where i t  should  he recal led  tha t  “ ~~~~~~~~~~~~~~ and \~~ , ±~~r) and ~~r’ are defined

in (44) , ( 55 )  and ~S ) , r e spec t ive ly  -

The above exp ressio n cont ains on l y convergent series . The first

two l ines  are the  c o n t r i b u t i o n s  to t he  wake  from the axis)’mmetric nodes , r~

0 . From the r e l a t ion  between ~i and r~1 we see that such modes can a r i se  o n ly

from the • - ‘  = 0 term , and then only - in the special  case -
~~ = 0 i.e., zero pha se’

lag  between b l i d e s .  A c c o r d i n g l y ,  these are w r i t t e n  w i t h  the  Kro ne ck er  d e lt a

symbo l , 6~~~~~, 
w h i c h  is one when ~ = 0 and zero o i h e r w i s e .  The next  ei 4ht

lin es are the contributions to the wake terms from the l~~ 
-‘ 0 modes . A l l

r ,g — 
~of the wake terms contain the exponential factor e -

as well as the impl icd e time dependence . Along the undisturbed

helical streamlines = constant), this can he rewritten as

~~ [~ 
— _____

e (J R

Thus , an ob se rver  moving in th is  d i r ec t ion  w i t h  v e l o c i t y  U
~ 

senses a f rozen
v e l o c i t y  p a t t e r n  from these terms . This reflects the fact that , in a l i n ear -

ized analysis , the wakes conv ec t  downstream unat t enua ted  at the  f ree s t rea in
r e l a t i v e  v e l o c i t y .

The last four Lines in Eqn . (b3) represent the wave field that p ro-

pagates away from the rotor in both directions. This consists of both damped

and und amped waves , or modes ; whether a particular mode is damped or not is
det erm in ed by the cut-off criterion described by Eqn . (44). The modes above

cut-off represent a loss of energy through acoustic radiation . Uence , ~ usefu l

by-product of the linear~ :ed a:~alysis is that it w i l l  also predict the t o t a l
f l u x  of acoustic energy , as well as its distribution among the various propa-

gating duct nodes.

The only steps remaining in the formulation of the unsteady integ i-al

equation are to specialize Eqn . (63) to the reference blade surface , z~ o,

and to specify the normal velocity there , ~~ ( r .  ~ -0 , 1 ) ,  in t erms of so me
prescribed excitation . The latter is accomplished 1w requiring that at each

instant the streamlines remain tangent to the blade surface . The excit ation
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could be an inflow distortion pattern , such as n~~ h t result from the wakes of

an ups t ream b lade row or  d i s t o i - t i o n s  in the  eng ine  i n l e t  i t s e l f .  Or , :~,, could

be considered to be the result of ~ibrations of the blade s themselves , i c .  *

the  so-  a i l ed  f l u t t e r  p r o b l e m .

In any event , once the l e f t -hand  side of Eqn . (63) is prescribed ,

the in tegral  equat ion which r e su l t s  mus t be inver ted to obtain  the unknown

loading ampl i tude , ~~-c - Gene ra l ly  speak ing ,  at each p o i n t  there w i l l  he a

phase s h i f t  between the unsteady loading and the normal velocity - which w i l l  
—

depend on pos i t ion , reduced frequency - , and Mach number .  This wa s not  t ru e in
the steady- f low problem , where  by d e f i i ü t i~~t - e vc rv t h i ng  is “in phase. ” To

accoun t for this , ~~~~~~ mu st now he allowed to be a complex ~juantitv , hat-in~ both

real and imaginary- parts . hhat we actually have to solve then , is two integral

equations , one each from equating the real an d  i naginary parts of ~~n - (65) -

Equation (t~3) is far  too compl ica ted  to hope for  an analytical solu-

t ion , and so a nume rical invers ion procedure must he developed . At pres~-nt ,

it  appears an extension of the procedure appl ied  in S e c t i o n  I to  the s teady -

problem should wo rk here as w e l l .  Sp e c i f i c a l l y ,  .~~t? would L’ expanded in the

same f i n i t e  ser ies  as in Eqn . ( 12 ) ,  except that  now the unknown coefficients

would be comp lex . In addi t ion to a u t o m a t i c a l l y  s a t i s f y i n g  the app rop r i a t e

leading and t r a i l i n g  edge condit ions , use of this expansion w i l l  , l gj in  lead  to

g rea t e r  e f f ic iency-  in computing the axial  and radial  i n t e g r a t i o n s  in &~3) - The

axial  in t eg ra t ions  w i l l  be of the same form as in Eqn . (14 ) . a l thoug h the  fo rm

of the constan t parameters w i l l  change somewhat ,  Thus , the  a n a ly t i c a l  ev~i 1u a-

t ion procedure given in Appendix C can again be used to good advan t ag e .

The ma jo r i ty  of terms in Eqn . (63) w i l l  also lead to r ad i a l  inte-

grations of the same form as in (13) . The except ions  are those p or t ions of the

wake terms which involve reciprocal powers of [ i + 
(

~~-i~~~~-~~~ 
‘
~ 
‘ j ; ho weve r , such

factors vary monotonically from hub to tip, and so should he expres sibl e ~is a
finite series of integral powers of ~~ r, /ç  w i t h  a h ig h degree of accuracy -

Hence , we believe that the radial integrations could again be performed an-

alytically, as outlined in Appendix B.
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If NI x NJ terms are retained in  the expansion for ~~ , we wou l-i

have a total of 2 x NI  x NJ sca la r  u n k n o w n s ,  S u b s t i t u t i n g  th i s  e x p a n s i o n  : nt o

the integral equations described above , and evaluating the resulting set of

equat ion s  at an equal number of collocation points , will yield a system of

2 x NI x NJ simultaneous , linear , algebraic equations . These can again he

viewed as a single mat r ix  equat ion , w i t h  the elements of the coeff icient mat rix -:

being expressed in terms of the axial and radial integrations discussed above .

The inversion of the matrix equation could then be carried out in a strai ght-

forward manner  using standard techniques.

F. CONCLUSIONS

I l inear ized  th ree -d imens iona l  an al~-sis  has been deve loped  fo r

s tudying the unsteady loading  on an annu lar  b lade  row in compress ib l e  flow.

Pressure dipole singularities are used to represent the blades in a li fti n g-

surface type analysis. The result is an integral equation which relates the

unknown loading to the prescribed variations in no rmal \ -e loci ty  at the blade

surfaces . The latter can he the result of e i t h e r  an i n f l o w  d i s t o r t i o n  p a t t e r n

or vibrations of the blades themselves . Terms can be identified in the inte-

~ra1 equation which represent the blade wakes . These include elements of both

trailing vo rticitv , produced by spanwise loading gradients , and shed vorticitv ,

which results from the temporal fluctuations in loading , The wakes can be

shown to convect downstream along the helical undisturbed stream surfaces.

\l~o included are terms which represent waves propagating unattenuated away

from the blade row in both directions . This acoustic radiation field would he

predicted as a by- -product of the solution , with regard to both total acoustic

ene rgy f l ux , and its distribution among the various propagating duct modes .

The unsteady integral equation , thoug h somewhat more complicated
than the analogous steady flow equation discussed in Section 1 , contains axial

and radial integrations of the same basic analytical form , This suggests that

a suitable extension of the numerical inversion procedure developed for the

steady case should work here as well , and th i s  is the app roach that is being

pursued .
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SECT iON I i i

FURTHER COMPARISONS OF APPROX IMATE ROTOR-~--TATOR INTERACT ION THEORY
WITH ACOUSTIC DATA FROM ANNULAR CASCADE

A. INTRODUCTION

Under the previous contract , an approximate theoreti cal model was

developed to predict the noise generated by rotor-stator interaction. ’ In  o rder

to assess the accurac’- of this theoretical model , experimental acoustic d a t a

were obtained in an annular cascade facilit y ups t ream of a r o t o r - st a t o r  pa i r ,

and compared with the theoretical predictions. Unfortunatel y , power constraints

on the rig restricted the acoustic tests to low rpm where only- the fourth and

higher harmonics could propagate undamped in the duct, The prediction of these —

tones was felt to be a rather severe test  of the theory . t’~hi Ic the theory was

able  to p red ic t  c u t - o f f  f requencies and follow r e l a t i ve  t r e n d s  in the data

adequate ly , i t  si g n i f i c a n t l y -  underes t imated  a b s o l u t e  l e v e l s .

Add i t io nal nuner ica l  s tud ies  using the theory showed that t h e  p r e d i c t i o n

of such hi gh ha rmonics is - :rit ical ly depen dent on the assumed shape for the  ro to r

blade wakes .  Ve ry- smal l  changes in assumed wake shape can lead to l a rge  c h a n g e s

i n the predicted no i se  l eve ls , pa r t i cu la r ly ’  fo r the hi gher  harmonics .  The
approximate  theo ry- r e l i e s  on i so la ted  a i r f o i l  data for the wake shap e s .  I t  may-
be tha t  the p red ic t io n of in te r fe rence  noise at these h i g h  harmonics of b l a d e

pas sage frequency cannot be accomplished in an’- pract ici  1 sense wit i I i - c  ir e
a b l e  to predic t  the wake s t ructure  to a much hi gher deg ree ot a c c u r a cy .

On the  o the r  ha nd , because of the  much higher rpm at w h i  cli t y p i c a l

a i r c r a f t  fans and compressors operate , it is the fundamental blade passage

frequency, and perhaps its second harmoni c , w h i c h  account for m o s t  of the  noi so
problem . At such speeds , the higher harmonics fall outside the range  of human
hearing . The theory indicated that the f i r st  few ha rmon ics  o f b lade  p assage
frequency ar e r e l a t i v e l y -  insens i t ive  to the shape of the ro t or  b lade  wakes  and

H that the level of the interaction noise at these harm onics , i f  e x c i t e d , w i l l  be



much l a rger  than the levels  of the higher harmonics. Therefore , it was feit

that  a more reasonable test  of the theory would be to compare i ts  predic t ions
agai nst data taken for the iower harmonics .  This required mod i fy ing  the dr i~-e

mechanism in the annular cascade so that higher speeds could be achieved. The

repowered rig and the experimental procedures are described in Section I l l - B ,
fol lowed by comparisons with the theoretical predictions in Section UI-C.

B. ROTOR -STA TOR INTE RACTION NOISE MEASUREMENTS

1. Rotat i ng Annular  Cascade F a c i l i t y -

As part of the work under a previous program , Co n t rac t  A F 3 3 ( 6 l 5 ) - 3 3 3~~,
an annular cascade facility was designed and fabricated . I t s  pr inci pal purpose
is t o provide fundamental experimental  data during and pr ior  to the occurrence
of rotating stall in order to improve our understanding of the phenomena and
for  use as a guide in improving the theoretical rotating stall analysis. In

addition to the study of rotating s tal l , the fa c i l i t y -  has also been used to

provide acoustic data for comparison with theory . A detailed description of the

an nular  cascade f ac i l it ~- has bee n presented in Ref .  31. On l y- a brief descrip-

tion of the facility- is g iven here .

The annular cascade fac i l ity  consists of a test sect ion bu i l t
around the outer front casing of a J-79 je t -engine compressor wi th  a Cal span
fab ricated hub. The f a c i l i t y  includes a bel l -mou th in le t  on the outer casing and
a bul le t  nose on the hub to provide a smooth f low of air  to the test section.
Outlet  ducting is connected to an independently variable source of suction to
provide the required flow through the annulus . An e lectr ical ly  powered two-
speed axial flow fan is used as the source of suction. Continuous contro l of
the mass flow is achieved through the use of variable inlet guide vanes to the

fan and a variable damper in the fan exit flow .
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the c on f 1 g - ~r .i t ion of the ii~nu 1 a r c a s c a d e  sod for  he r o r o ~- - or

1: e r a c : L o n  stahes j 5  s~io~sn In Fig . 14. The test sect:on f r-us a

~nnu las -~~:h an oater dii ::~eter of 29.35 inches  and in inne r d~ a :c-ter of 23 , 35

s whic h provides .i h u b - t o —  t i r  rat to of 0 , SO - The rot or-st i t o  r

st ndied t s  d e s l ç l i t e d  :~ot o r  ~et No.  1 l 4 t ~~h 1ades~ m d  S t a t o r  ~et  \o .  1 ~5

van e s  in Ref .  31 . These are mod i fied hi a~~e rows from the fifth ~ta -cc -~ f a

J - 9  compressor .  The i r  cha rac ter i s t i c s  and p et -fo rmance when used is iso~~ited
b lade ro w s In the an n u l a r  cascade have been p resen ted  :n ~e f .  31 . The sem i -
chord s the i- o tot -  and s t a t o r  i~ere 0 .  0~~0 -i f t  - and 0 . 05-1 ft. , r esp ec t  i~. e l y ,  —

the axt a i serarat :on of the m id— chord planes ~:is 0. 125 it - The m id- annul- i s

s t agge r  an~ ie of the rotor ~as 40 Je.~rees ~n jil tests - Tho d i f f e i - e n t  s t i t o r

s tac. er aa :es - ~~~
‘ . 2  and 5 2  degrees)  —~ere t e s t ed .

The ro tor  in the  a n n u l a r  cascade is dr iven  h’ a -iv d r -au l  ic  m o t o r  . . -\n

ex t e rna l hvd :-aul  ic i~ump sy s tem is used to p rov ide  power fo i- the hy-draul ic

m o t o r .  In  the tes t s  of R e f .  I , the h y d r a u l i c  pum p system ~ is powered by .i

30 horsepower electric mot or .  With t h i s  sy s t e m , the  m a x i m u m  ro to r  speed

a t t a i n a b l e  was  1430 rpm . t h i s  speed was i n s u f f i c i e n t  to alloh Propagation

of sound at  the funda m enta l  h i  ide p as sage  f requency . I t  ias cal cu lit ed t h a t  - in
inc rease  in rotor speed from the maximum of 1450 rpm a t t a i n e d  in t he  p a s t

-ex P e r i m e n t s  to arp roxima tel~- 1 0 0  ~nm should  be s u f f i c  ien t  to exc eed  t h e  cu t  —

off cond i t ion for propagat ion of the fundamental b l a d e  p a s sa ge  tone in the r o t o r —

s’~ator s ta g e .  S i n c e  the ime t h a t  the  n a st  ex p e r i m e n t s  w e r e  n e r f or m e d , the

r o t a t in g  annular  cascade was m o d i f i e d  to  i nc lude  a 30 horsenoi er h~ di-aul ic numn
sy ’st ~ n~ in the rotor d r i ve , and c h a n g e s  were made to reduce p r e s s u r e  losses  in

the hyd r a u l i c  v a l v e  sy stem used for  x - otor  speed c o n t r o l .  With these  ch a n g e s ,

. m max imum rotor  speed of Fb0 rpm was attained . .-\c ou stic t es t s  i n the m o d i f i e d
ann u lar  cascade succeeded in e x c i t i n g  the fundamental  as w e l l  as h i g h e r  h i i - m e n i c s
of  blade n assage  frequency.

2.  - \coust ic  M e a s u r e m e n t s

~~~~~~~ 
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a l lowed  to ro t ate  f ree ly  under the in f luence  of the f l o w  generated by t h e  rotor

i n the annular  cascade. In addi t ion , a l l  da mpers in the downstream Ji-ive system

we re opened wide .  I t  was convenient  to use this  wide open conf i gura t ion  because

it was found to provide near l y- constant in le t  swi r l  angles r e l a t ive  to the ro tor .

That is , the mean ax ia l  ve loc i ty  in the annular cascade increased in direct

p roportion to the rotor angular v e l o c i t y .  This feature made applica t ion  of the

rotor-stator interaction theory ’ much s impler  because the dimensionless steady

state loss and turning performance data for the rotor also remained approximately

constant with changing rotor speeds.

The instrumentation used for the acoustic tests  is shown schemati-
c a l l y  in Fig. 15. A Bruel and Kjaer ~B~K) condenser microphone (Type 4133)

mounted w i t h  i ts  di aphragm f l u s h  w i t h  the inner surface of the compressor casing
F (F ig .  14) was used to measure the rotor-stator interaction noise. The micro -

phone was powered by a BEK Type 2b04 microphone amplifier. The output from the

ampl i f ie r  was processed on line by a General Radio Type 1921 real time analyzer

to obtai n one-third octave spectra of the s igna l s .  Absolute  ca l ib ra t ion  of the
comp lete  sy stem was obtained by’ recording a 114 db s ignal  from a General  Radio
Typ e 1562-A sound level ca l ibra tor  on the recorder char t  of the spectrum analy - :er .

The ca l ib rat ion signal  was recorded at the start  of a test  series and again at
the end of a t es t  ser ies  to chec k for drift of the system . The observed drift

was 0 .3  db or less in a l l  tests.

The summed output from the m u l t i f i l t e r  in the GR real t ime analy - :er
was displayed on a dual beam oscilloscope along with a reference signal  from an
RC o s c i l l a t o r .  The m u l t i f i l t e r  summed output was conditioned by a t t entua t in g
i ll one third-octave levels with center frequencies of 500 11: and below . This

was done to reduce noise at frequencies less than the fundamental blade passage
frequency. Oscilloscope records of the conditioned noise signal are shown in

Fig. lo. In these photographs , the lower trace is the noise signal and the

upper trace is the output from the RC oscillator tuned to the same frequency
as the predominant noise harmonic. The l itter in the noise signals is caused

by the presence of frequencies other than the predominant harmonic. Tuning of

the audio oscillator was accomplished by setting the oscilloscope trigger

mechanism to fire on the audio oscillator signal and then adjusting the oscillator
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f re quen cy - unt~ a s ta t iona ry - noise s i g n a l  was at t~iined - 1:1 sore t e s t s  - the

coi -r ect  f~-e~ enc’ —~is diff icult to d e t e r m i n e  because of the  ~t t e r  ~n t h e  no~ se

s ign a l - The correct frequency’ w - m s  t hen  de te r mi ned  b’.- tel -mm -c a Li sca 1 ou s

f t  gu re from the no i se  and osc i l  l it or  s i g n a l s , and tun inc the osc i 11 ito r f r e~:u e n c y

un t tl a stationary L m s s a i o u s  f m g u r e  was o b t a i n e d .  The f r~~iu e n c v  w a s  t hen r e m O

on a B e r k l e ~- - in iVerS:u l  counter and t i m e r .  A s i m i l ar coun te r  ~~~ used t o  deter-
mi ne  the ro to r sneed im - om s~ -~n a l s  generated by- a mag n e t i c  pi ckur and 1 0  t o o t h

-cear on t h e  ro to r  d r i v e  s h a f t  -

The n ro cedu re  J e s c r ’~~ed in t h e  v r e v t e u s  Pal -at - a b  i . i s  used to  det ermmuL -

the freouenc~- of the  nredeminant nure tone no~ se for  ~ii 1 tests wh ei- e i St rong

blade i-ow interaction signal was ob t a ined .  Thus , it was n o s s i h i e  to ~Jenti fv

a c cu r a t e l y  w h i c h  harmonic of rotor blade passage frequency was hetac ex cited

by the In t e r a c t i o n mecha n ~ sr . I n the  umper photograph of Fig . lr , the  :‘redomi-
nant frequency- is tho fundamental of blade P a s s a g e  frequenc ’- . In the lo wer
:‘hotocraph , both the fundamental and second harmonic of b lade  n . i ssage  frequency

ire app a rent  .

Sa ’ie ~ of the one-third o c ta v e  spectra of th~ interact ion noise ire

sh ~ ~r’ ~a F i s  - 1 and I S - These f i g u r e s  are  d i r e c t  r enr o duc t  ions or the out:’ut —

from the snect rum ana ly m e t - 
- Abso lute  Sound Pressure Level  for any one-third

o c t i v e  b au d  is  o b t a i n e d  b-c c o r r e c t i n g  the r e l a t i v e  db l eve l s  fo r  backgr ound
notse , syst em ga in , microphone response  and f i l t e r  c h ar a c t e r i s t i c s .  The s~ s te m
gain correction is  independent  of f requency-  and is noted on the  lower l e f t  hand

~~dc of each f i g u r e . For the r a r t i c u l a r  example  of F i g .  F , sy s tem g a t n  i s

cor rec ted  for b-c idd ing  50 dh to a l l  r e lat i v e  l e v e l s .  For F i g .  IS , the  g a i n

correction is 50 . 3 db.  The r e m a i n i n g  cor rec t ions  w i l l  be d i s cu s sed  short l y- .

F i g ures Fa through Vc have been chosen to i l l u s t r a t e  the  e x t r e m e l y
sha rp rise in interaction noise as rotor spe ed is increased over a ~-ery snail

t-ange of rpm from below cu toff  to above cutoff of the four th  ro t or  b l ade
passage ha rmon ic .  F igure  1~~a corresponds to cond i t i ons  s l i g h t l y  be l ow c u t o f f .

Here the noise spectrum is  genera ted  p r i m a r i l y  b~ turbu len t pressure  f l u c t u a t i o n s
w i t h i n  the boundary layer on the outer  w a l l  and h-c the  f r e e — w h e e l i n g  fan down-

stream of the annular cascade test section. Figs. iTh and Fc show the  -~h a r n

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



m:t ~i it ~ h :: .m i-mon mc it t o  i - i c  t ~en not se is the r o t o r  r m  ic rea sed o i bet e

c~it cf : ccndmt t o n s  - This rmse can he seen in  the hm x - d octave :ninds cen tet -o i

it 50 and 000 U: . Bot Ii of these thm r d octave nanLi s resp ond be cause  t h e  :e 
- 

-

t on e  f i - e L n i c a c y  is n e a r l y -  m m d — w a ~ between these two h m n a s  - The c a l c u l a t e d  fre—

~:uen c ’  of t IC fourth har m on ic  t s  i nd i ca t ed  by an a r ro w  on the spec t he :‘arner —

Ic al - a l t i e  ts shown on the lower rmg ht hand side of Figs. Fi  t h r o u g h  ~~c .

The coi - res :’ead ing measured nrc tone fr e o u en c v  is also indic ated on Fm c s - 1 Th

I c -

Fi :s. I Sa t h r o u g h  SJ are snectra obtained at t -o t o r  sp eeds suffic ient

to cxc te the tm~n-aament a I ~mde ras so cc reouencv . Here t h e  t tindomen t .i m r t ’ —

;t:enc and t he second  ~in d fomi rt h harmonics are arrorent i n  the snec t :-
~~~~. :

F - I S a  t h e  f : : : :aaren t ~i 1 fre~imt enc v is p redominant and sma 11cr Sound F re s sure
Love Is are eviden t at the second and fourth hai-monic f r c e u e nc  t e s .  ~iP O ! 1  t he r o t e

speed ts inc i-eased b~ ftve 1-p m (Fig - 1 Sb~ - the second h ar m o n i c  di  sanne~m :-s mate

to h i c ~~g re t i n d  no se - i l i o n  the ro tor  speed ts  again mn creased b’ ~ tim -nu t s

~F : s.  lSc and I~ 0~ - th e  second h a r m o n i c  grows rap idl y while the fundamental

:mr:e nic decays - The osc 1 1 ioscope records in Fig. l~ co r respond to the srect va

: r esen ted  in F m  cs - ISa and lSc - The t-anid growth and decay of Sound Pressui-e

Lc-:el s at  ‘;.it-ious harmon tcs of b l ade  passage  frequency w i t h  s m a l l  c h a n g e s  in

t - o t o r  sreed w a s  obs erved t h r ou gh o u t  the  c o m p l e t e  t e s t  s e r i e s .

As noted cam- I jet- , t h e  r e l a t  it -c Sound r r essui-c  Leve l s o b t a i n e d  from

srec tr .i s u c h  as those shown in F ~gs - I — and IS require Several correcti ons ~n

adattion to the  cor rec t ion  f~~t- system gain . These ire is follows:

a~ Backg round Level Correction - The Sound Pressure Levels in the

third-oct ave bands c o n t a i n  c o n t r i b u t i o n s  from the  b ackgr o und  n o i s e
l e v e l s  as we ll as the pure tone noise from rotor-stator inter-

action. The background noise level was estimated by i n s p e c t i o n  of

the third-octave bands od i acent to tho se respondin g to  the tar ions

harmonics of blade pa ssage frequency. An example of th e  p i-ocedure

is shown in Fig. iSa. In this case , the relative ba c k g round
leve l for the third- e cr mt -e hand centered a t  1250 H: m s e s t i m a t e d

_ _ _  
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by or iw m n g  - t  s t r a m  ch t  1 t u e  between the s r e c t  r i m  l ev e l s  - :ca te~-~-d i t

1000 ~-h and 2000 H:. This line Intersec ts t h e  1250 H: h i n o  a t  -i

spectrum level of 3i~ 5 dh . The s ectrum level at the third-o c~om-; e

band centered it m O O  H: was not used in this case because it

contains some con tribution ft-or the fundamental bi-ide p a s o~m c e

frequency. Ignori n z the spectrum level at 1600 H: r akes  -:erv

little difference to the background correction in thi s case. If

the measured spectrum jet-el is designated S,~ and the background

leve l 5~ , then the corrected spectrum let-el is given by-

SPL Corrected for Background ioJ ~~ r -~
-
~ ~ -

~~

‘

~~~~ ~
] d~b

ox equivalently
- (~ d.b / 70 )

Background Correction = 2~~~~ [ ,  — 10 ] ab
where

~~d~b ~~S~~- 8~ db

The background correc tion is shown as a function of Adb in Fi g.

19 , which is the same as Fig . 6-3 of Ref. 32.

b) Fi l ter Correc t ion - At constant rotor speed , the ro to r - s t a to r
in te r fe rence  noise  at the various harmonics of blade passage
fr equency- are e s s e n t i a l l y  pure tones at spec i f i c  f r equenc ies .
If  the freque ncy ’ of these pure tones does not correspond to one
of t he center  f requenc ies  in  the t h i rd -oc t ave  f i l t e r s  of the
real t ime  ar-ia lv :er , the n the measured third-octave level w ill he

lower than the pure tone level by an amount depending on the

r at i o  between the pure tone frequency and the third-octave center

f requency.  This arises because of the c h a r a c t e r i s t i c  shape of the

third-octave filter curve. The measured response of the filters

in the real-time analv:er used in these tests is shown in F i g .  20 .
This curve is an average of the results obtained for filters wi th
three  d i f f e r en t  center  frequencies , -f’ , . The measured noise

data for  a harmonic f r equency ,  f ,  were corrected bY u s i n g  t h i s

curve to determine the a t t en tua t i on  of the f i l t e r  at the appropr i a t e

frequency ra t io , f / -F0 
. When two th i rd -oc tave  bands responded .it
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Table 2

SAMPLE OF ACOUSTIC DATA REDUCTION FOR
SPECTRUM WITH MULTIPLE HARMONICS OF BLADE PASSAGE FRE QUENCY

Rotor RPM = 1695.5 (See F i g .  iSa)

1695.5
Blade Passage Frequency (46 b lad es)  = 46 x 60 = 1300 Hz

Blade Passage Harm on ic 
____ 

3

Harmonic Frequency, f(l-lz) 1300 2600 5200

Third-Octat -e Center Frequency,  f (Hz ) 1250 2500 5000

Frequency Ra t io , t
/f L040 L040 1.040

Measured Spectrum Level , S~1 ( R e l a t i v e  db) 5 2 . 2  35.0 3 4 . 2
Est imated  Background Level , B~1 ( Re la t ive  db) 51.5 30 .7
S

M 
- B~1 1db) 20. -L ’s 4_ S

Ba ckground Correct ion (db) ( F i g .  19) 0 - 2 . 0  - 1 . 9

~~ 
Corrected for Background (Relative db) 52.2 33.0 32.3

System Gain Correct ion (db) ~803 ÷80.5 ÷80.5

F i l t e r  Cor rec t ion  1db) ( F i g .  20 for t
/f =1 040) ~0.2 ÷ 02  ÷0.2

Microphone Response Correct ion (db) ( F i g .  2 1) +O~ 2 ÷ O . b  +1 . 8
F ina l  Corrected Sound Pressure Level (db) 133. 1 1 1 4 , 3  114.8
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Table 3

SAM PLE OF \ COI I STIC DATA R E D U C T I O N  FOR SPE C U R I IM 1~ lTi1
iwo ADJACENT THIRD-OCTAVE BANDS RESPON DIN G NEARLY EQUALLY tO

THE SAME HA RN ON IC OF BLADE PASSAGE FREQUENCY

Rotor  RPM = l l o O . 5  (See F i g .  l~~c)
11~~0.5

Bl ade Passage Fr equenc y ~4b blades) = 4 x 0 = 889 . Ii:

Four th  Harmonic of BPF , f = 3559 Ii :

Third Octave Center Frequency, f 0 (Hz)  5 l 5m ~ -tono

Fre quency  R a t i o , ~/ f 0 i - iso o . soo
Measured Spectrum Leve l , 5M’ ( R e l l t it -e db) 4 1.~ 4 5 . 0

i st m ated Backgroun d Leve l , B~1, (Relative db) 23. :3.3

— B~1 
(db ) I - 9 19 -

Ba ck groun d Correct ion (db)  F i g .  19) -0 .  1 9

Corrected for Background (Relative db) 41.5 15,0

Sy s t e m  Gain Correct ion (db ÷S0 O

~m l t e r  Co r rection 1db ) ( F i g .  20) + 5 . 5  ~5 , 2
Microphone  Response Correct ion t db )  ( F i g.  2 1)  ÷ 1 . 1  ~ l . l

F i n a l  Corrected Sound Pressure Leve l (db) l.S . 1 127 .3
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\ l l  of the  acoustic measurements wei-e made w i t h  t h e  ro t  o r  t a ~:~~i’i’ m ; i ~~L-

he ld  cons tan t a t - ii ) de~ rees. Howevet- , two st a to r  s t m - ~ge t -  a n g l e s  wei- e used.

F i g s  - 22 through 23 show the data ::teasui-ed w i t h  a s tat or  st agg e l -  in g i  e of  ~~ - 2

deg rees w h i l e  F i g s .  2b t h r o u g h  29 show- s i m i  l i i- d a t a  w i t h  a stator st ;mgg et- ang l e

of 2 S . 2  degrees.  Data w e r e  ob ta ined  for  the fundaunental blade passage frequency

and the second , fourth and fifth harmonics. rhe third harmonic was  de tec ted  in

only two of the 195 snect r a  ob t a ined  in the comple te  tes t  se r i es .  These ti,~)

data point s are shown in F i g .  2 a long with the second ha rmonic d a a  measured

with a stator stagger a n g l e  of 2 8 . 2  degrees .  There is evidence t h a t  the t h i r d

h a r m o n i c  w as  ‘resent at s i m i l a r  ro tor  speeds ~ 1~~~5 rpm ) w i t h  mm s t a t o t -  st u o g e r

angle of ~~~~. 2 degrees. Howet-er , its level in tha t case  w as  not st r o n g  enough to

analo :e  w i t h  any  degree of accuracy .

In  R e f .  1 , i n t e r f e r ence  noise data were presented for t h e  same rotor-

s t a tor  c o n f i gu r a t i o n  in the annu la r  cascade as used i n  the c u r r e n t  t e s t  p i -og r am .

The max m u m  ro tor  speed at t a i n e d  in those past tes ts  was 1-150 rpm . O n l y  the
fou m - t h and f i f t h  harmonics of blad e p i s  sage f r equenc y  propagated it these  low

r o t or  speeds - h owever , s in ce the annular cascade h ad been d i s a s s em bled , mcdi  -

f i e d  to increase a v a i l a b l e  powet - , and reassembled between tests , it i s  w o r t h

--tent i en in g  t h at  the  current  test  r e s u l t s  lgt- ee qu i te w e l l  w i t h  the  p a s t  test

results ill the region where the two sets of dat a ct-em -lap .

I t  is et - ident  from the r e s u l t s  th u a t  the  mod i f i ed  a n n u l a r  cascade
-mttmine d rotor speeds high  enough to excite the fundamental as well mis highe r
harmonics of b lade passage frequen cy. Thus the experimental acoustic study

succeeded in its goal of p rov id ing  data  at low harmonics  of b lade  pa s sage

frequen cy for  compar ison with the rotor-stator interaction no i se theory . Coin-

~~~~~~~~~ hetween this theory and the experimental results are Presented in t he

following sub-section.
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C. COMPARISONS WITH THEORY

1. Theoretical Model And Input Data

The details of the rotor-stator interaction noise theory were

presented in Ref. 1, along with the earlier comparisons to data at the fourth

and fifth harmonics of blade passage frequency. The acoustic model assumes

that the rows are housed in an infinitely long, hard-walled annular duc t of

constant  h u b - t i p  ratio. Each row is represented by a three-dimensional array

of radiall y-oriented line dipoles , whose strength is fluctuating itt t ime . The

resulting acoustic field is represented as a superposition of propagating duc t

modes of the type studied by Tyler and Sofrin.~
5 Reflec t ion s from neighbor in g

blade rows or terminations of the duct are thus neglected .

The strength of the fluctuating dipoles is determined from the

rotor-stator interaction analysis of Osborne ,
33 which is an extension to corn-

pressible flow of the classic incompressible mode l of Kemp and Sears.

This is a two-dimensiona l model which assumes that the unsteady aerodynamic

response of both the rotor blades and stator vanes can be calculated as though

they operate as isolated airfoils.36 The results of Osborne ’s analys is are

c losed form expressions for the fluc tua t ing l if t produced by each of three
interaction mechanisms : unsteady lift on the rotor produced by the steady

field of the stator, unsteady lift on the stator produced by the steady field

of the rotor, and unsteady lift on the stator produced by the impingement of

the rotor viscous wakes. The first two are usually termed potential inter-

actions , and the last a viscous interaction . These fluctuating lift predic—

tions , since they are two-dimensional , are input on a strip theory basis to

the three-dimensional acoustic model described above.

The overall theory that results can predict the total acoustic

energy flux away from the stage in either direction , the Sound Pressure Level

(SPL) at any point in the duct , and the individual mode amplitudes. The inputs

required are the steady loading on both rows , which is used in the potential
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in teraction calculations , and the drag coetficient of the  ups t r eam r o t or  b l a d e s .

which is used to infer the wake velocity defect for the viscous ~n te r i ction.

As part of a larger study of rotating stall phenomena ,~ data were obta ined

on the circumferentially-averaged turning performance and total pressure 1055

across the rotor operating alone. Viscous losses across the stator were t~~-

sumed n e g l i g i b l e , and its turning performance estimated from the manufacturer ’ s

design data. The earlier comparisons used this information to calculate ap-

proxima te values for the inputs required by the theory , using Eqns. (3t~1- (43)

of Ref .  1.

The same procedure as in Ref. I was used in the l a t e s t  ser ies

of compar isons , excep t that the reliability of our input data was improved

in severa l respects. The main improvement is that we now hat-e data on the

total pressure loss across the rotor in the presence of the stator ,~
8 wher eas

before our only data was for the isolated rotor. As a result , -the pred icted

of the rotor blades now lies in the range 9.05 - 0.07 , which  is much more

reasonable than the value 0.16 which had been predicted from the isolated

rotor data.1 We also now have data on the total pressure loss across the

stator operating as part of the stage ,
38 

whereas before no data on the stator

were available. Although not needed for the viscous interaction calculation ,

this loss does play an indirect role in estimating the stator steady lift see

Eqn. (32) of Ref. 1). The estimates of stator turning performance are now

based on extrapolations of turning data measured on the isolated stator row

in the annular cascade,’ whereas in the earlier study manufacturers design

data were used to estimate stator turning. 1 As before , we had to rely on

isolated rotor turning performance due to the difficulties involved in trying

to instrument the small gap between rotor and stator.

2. Discussion

The present calculation s once again indicate that it is the

rotor viscous wakes impinging on the stator which is the dominant noise genera-

t ion mechanism. The SPL prediction s for the mean stator stagger mingle ~f 28 .2 °
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are compared w i t h  the newly acquired data for the first through fifth harmonics
of blade passage frequency in Figs. 30a-d. The gaps in the exper imenta l  data
are those regions in which the signal was close enough to the background

level that no re l iable  level could be inferred , as discu ssed in Section Ill -B .

In each f ig ur e, the rotor rpm at which the various duct modes first propagate

is indicated by a ri ght-facing arrow wi th  a pair of integers which  denote the

azimuthal and radial mode numbers , respectively. It  should be recalled that
r igh t  at the cut-off rpm the mode amplitude is theoretically infinite, since

no attempt was made to include viscous or nonlinear effects in the model. 1

Thus not much significance should be attached to the height of the theore t ica l

peaks in this vicinity, as they are determined primarily by how c lose ly  one

wishes to approach the cut-off  rpm. General ly ,  the ca lcula t ions  were made at
increments of 50 rpm , with closer spacing near the cut-offs to better exhibit

where the modes first begin to propagate.

Once again , the highest harmonics are underestimated as shown

b~- Figs. 30c, d, although the agreement is not bad at the higher rpms in these

two cases. Note that this is because the theory shows a definite increase

in SPL with rotor speed , as one would expect intuitively, whereas the average

level of the fourth harmonic data changes little , and the fifth harmonic data

show only a slight rise. In general , one can also reasonably correlate the

location of the theoretical peaks near cut-off with those in the experiments.
However, the data do show much more of a peak/valley structure than does the
theory. No firm explanation is apparent for this, although it may be the

result of the reflection/transmission of the acoustic signals by the upstream

rotor, which is not accounted for in the theory.

Curiously, the comparisons at the lower harmonics , Figs. 30a ,

b , show a reversal in the levels of theory and experiment . The predictions

are now too high over the entire range in which data could be taken , which

was limited again by power constraints. The cut-on of the second harmonic

is reasonably well predicted ; little can be said of the third harmonic because

of the very l imited range in which it could be distinguished in the third-
octave band spectrum . A notable feature of the comparisons appears at the
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that the level of the interaction noise at these harmonics , it’ excit ed , wi ll he
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— fundamental  blade passage f requenc y ;  not only are the p redictions too high ,

but the data show that the fundamental is propagating in the  duc t w e l l  b e for e

the  theory  would  p r e d i c t ,  a t leas t on the  basis of rotor-stat or interaction.

From the  p resen t  da ta  one cannot t e l l  whether  the fundamenta l  f i r s t  c u t s  on

at about 1490 rpm , or whether it had been present before , but  b e l o w  he back-

groun d level (see F i g .  t~i . In any event , th i s  s t rong ly  suggests tha t  another
noise generation mechanism besides rotor-stator interaction maY be influencing

the data. This will be discussed further below.

The comparisons of theory  t~i th  experimental data at  t h e  mean

stato r stagger angle of 3rn ’ . 2° are shown in F i g s .  3 la -d .  Q u a l i t a t i v e l y ,  t h e

comparisons exhibit the same features as those for the other stator setting .

The predictions for the four th  and fifth harmonics are too low , t h o u g h  t h e

agreement at the higher rpms is not bad in the case of the fourth. The lower
— harmonics are overestimated , though to a lesser degree than before. Again ,

the  fundamental  is detectable well before the theory indica tes  i t  should

propagate -

As noted in connection with the comparisons done under the

previous p rogram , 1 one p l a u s i b l e  explanat ion for the poor agreement at the

h i gh er harmon ic s is the assumed shape for the viscous wake p r o f i l e s .  At

p resent , the model uses a profile correlation which  is based on the isolated

airfoil data of Silverstein , et al. 39 It was demo nst ra ted in Ref .  1 t ha t

alternate correlations of the same data would produce significant changes in

the theoretical SPL levels of the higher harmonics. This is basically because

the high harmonic content of the wake profiles , and hence the noise , is  deter-

mined to a great extent by the rate at which the velocity defect approaches

zero near the edges of the wake , and this is d i f f i c u l t  to def ine  e x p e r i m e n t a l l y .
Thus , it may be that reliable prediction s of viscous interaction noise in

the higher  harmonics will have to await the development of means to predic t
the wake structure with more precision.

In a practical sense , the inahilit’- to predict high -icr harmon ic
levels is of secondary interest. It is the fundamental , and perhaps second 
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harmonic , which is most directly responsible for the noise problem at the higher

speeds at which aircraft engines operate. Here the theory consistentl y over-

estimates the noise levels. This cannot be explained on the basis of inade-

quate knowledge of the wake profile structure ; as demonstrated in Ref. 1 , the

lowest harmonics are insensitive to the particular choice of profile correla-

tion. They are, however , sensitive to the prediction of the wake centerline

velocity defect , i. e.,, the height of the wake profile. This also was correlated

on the basis of the isolated airfoil data in Ref. 39. More recent experimental

investigations have been accumulating data on the wake structure of both two-
- - 40 41 - - 42 ,43dimensional cascades and three-dimens ional rotors . The cascade data

of Ref. 40 indicate that the decay of the wake velocity defect with distance

downstream of the tra i ling edge is slower than would be found behind an iso-
41lated airfoil. On the other hand, Kerrebrock et al observed a faster rate

of decay in the cascade data when compared with the isolated airfoil case.
- - - 42 .43 -The studies done on three-dimens ional rotor wakes thus tar have shown

tha t  they decay more rapidly than the wakes of either cascades or isolated
a i r f o i l s .

Clea r l y , the re is ample evidence to suggest tha t  the pr e sent
theor~- may be inaccurately modeling the rotor wake structure . Improved cor-

relations with the present acoustic data would result if the centerline ye-

l oc i t  defect  was weaker than predicted , and the wake profile shape was sharper
and narrower than that assumed. However , it is too early to sa~ how generally

app l i cab l e  the  data of Refs .  40-43 are to other configurations. In rarticular.

the e f fec t s  of such parameters as so l id i ty , steady loadi ng ,  and blade p ro f i l e
all need to be quantified. Lacking this , better knowledge of the wake struc-

ture in the present annular cascade facility would require an extensive series
of measurements which were felt to be outside the scope of the present pro-
gram.

Another possible source of error in the theory is the unstead’-
aerodynamic model. As pointed out earlier , Osborne ’s~~ model does include

compressibility effects provided the Mach number and/or reduced frequency are
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~ere measured on the outer  cas ing  upstream of the ro to r .  In t.ik in g  t h e s e  da~ -

the fan system dow nstream of the annu la r  cascade was turned off and he f . t u  ~.

- -  - 

So 

- -  — 
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not too high. However , whien applied at the low speeds of the pr e sen t  experi-

ments , it reduces to the incompressible theory of Kemp and Sears. ‘ ‘ - ‘‘

f low is assumed to be two-dimensional , w i t h  each b lade  or \-ane b e h a v i n ~ as

an isolated airfoil. For the h igh hub tip r a t i o  of the present  e~~p er~~~e n r s ,

the two-dimensiona l assumption is riot unreasonable. However, t h e  s o l i d - . t v

ratio , defined mi s the ratio of chord length to tangential blade spacing . ~s

approxima tely O.S5 for the stator at mid-annulus . Thus the effects of iTiter-

ference from neighboring stator vanes m ay not be negli g i b le. l~ot h  ~f t h e s e

questions , regard ing the importance of three -dimension ality and b laJe- ~ c-

blade i n t e r f e r e n c e , could be answered 5’- t he  t~~ e of a n a l y s i s  r ep orted ~n
Section II , wh~ ch is s t i l l  under develo pment , the b est  reans of asses sing

the m erodvnamic model would be to make unsteady lo,id measurements on the

stato r vanes and see how they conr ared w i t h  p r e d i c t i o n s .  This ~-as a l s o  f e l t

to be outside the scope of the present work.

Finall y , there is the  question of why th e  fundamental bl.ide

passage frequenc y cut s on ea r l i er  in the experiments than the theory ~.ou Lt

ind ica te  ~P i - ~s. 3~ a and 3la ~ - This strongly suggest s that noi se is being

genera ted  th rough mechanisms o the r  than r o t o r — s t a t o r  i n t e r ac t  ion .  rh o mo s t
l i k e l y  ross~~’i 1 LtY i s  t ha t  the  i-otor itself is interacting w i t h  a d i s t o r t i o n

in the inlet flow , perhaps the  wakes produced 5v the  ups t rean support struts

shown in Fig. 14. Since the s t ru ts  mire s t r eaml ined  and locat ed a b o u t  a foot

and .i half ahead of the rotor , one would  expect that their wakes would he

s u f f i c - ~e n t l v  d i f f u s e  iw the t ime they reach it so mis t o  have ne glihi b le in-

fluence. Azimuthal surveys of the flow ahead of the r otor have  beet-i performed ,

b it t on ly  in the  prese nce of d i s to r t ion  screens w h i c h  were used to stud the

influence of distortion on rotmlting stm ill . Ol 
Any strut generated dist orti on

wou ld  have been masked by the presence of the screens.

Thus it seemed the most expeditiou s way to test t h i s  hypothe-

sis was to remove the stator and see whether the isolated rotor still produced

s i g n i f i c a nt tone noise .  (In the absence of i n f l o w  d i s t o r t i o n , i t  should not

radiate any noise mi t subsonic t i p  speedsJ When t he  r ig  was disassembled for

- - - -



mechanism to fi re  on the audio o sc i l l a to r  signal  and then adjusting the oscill ator
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this purpose . it was discovered tha t  the  cha in  d r ive  used to drive the rotor

had deter~orated arid loosened cons id erably .  Accordingl y it was replaced. hut

t he  new dr ive  generated s u f f i c i e n t l y  higher  background noise 1evel~ t h a n  the

old that further experiments on i so la ted  rotor noise were not po ssible . - 

-

CONCLUSI ONS

Our earlier comparisons oi the rotor-stator interaction noise theo:-v

with experimental data taken in Caispan ’ s annular cascade facility had shown

that the theory cons istently underestimated SPL at the fourth and fift h

harmonics of blade passage frequency. This was felt to be a rather severe

t est of the theory , as the higher harmonics were shown to be quite sensitive

to de t a i l s  of the rotor blade wake irofiles. h-1o%sever , power limitations in

the rig at that  t ime prevented opera t ing  at h igh enough rpm ’ s to allow the

lower harmonics to propagate. The main goal of this portion of the current

contract  was to provide , with a newly re-powered rig, comparisons between
th eory and data at the fundamental and first few harmonics. These comparisons

ha ve been made , and show t h a t  the theory consistently overestimates the noise

in the fundamental and second harmonic; experimental data at the th i rd  har-
monic  was also lower than the theory , but was limited to too few p o i n t s  for

m y  genera l conc lu s ion  to  be drawn . In terac t ion  of the s ta tor  w i t h  the  viscous
wakes shed by the rotor is predicted by the model to he the predominant noise

genera t i on  mecha n i sm ;  po ten t ia l  in te rac t ions  between blade rows were found

to be n e g l i g i b l e ,

The theoret ical  model was required to predict the  viscous in t e rac t ion
noise based only on turning and loss performance data , since this is the type

of informat ion the designer is likely to have available. The overall model

is thus a composite of three major elements: a mode l of the viscous wake

structure; an aerodynamic model to predict the unsteady response of the
downstream row to the wakes; an acoustic model to predict the  r e s u l t i n g  radi-

ation . At present we know with certainty only that the end results  do not
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w i t h i n  the boundary layer on the outer wall and by the free-wheelin g fan down-

stream of the mmnnu lar cascade test section, Figs, 1 b  and Fc shom ~ t h e  sharp 

-~ ~~
;-
~~~~~~ -

- -- -
_ _ _ _ _ _ _ _  

-

co r re la te  we l l  w i t h  the acoust ic  mea sure ments  - We s t r ong ly  suspect that t h e

weakes t  l i n k s  in the model are the viscous wake mode ling , and perhaps the

unstead’- aerodynamic mode l , for the reasons discussed above. Co n c i u s~ ve
answers to these questions can be obtained oni’- by :‘erform~ng oxten si\-e

measurements of both the rotor wmike structure and the unsteady loa ds  r roduc ed

on the stator vanes: however , such a program w as w ell outside the scope of

present effort.

Another  s ur r r i s i n g  fea ture  in the comparison s is that the f~m n d a m e n t i

b lade  passage frequeacv f i r s t  appears at a low er  rpm than predict ed by the

theory. This suggests that a noise generation mechanism other than rotor-

stator interaction may have heavily influenced the data. One rossibi ’,itv is

that the rotor itself ma’- be i n t e r a c t i n t  with ~i distortion in the flow , such

as wakes from the upstream support struts , or perhaps a d i s t o r t i o n  in the

in le t  f low i t s e l f .  No surveys have been made as yet of the  f low  uniform it ’

ahead of the rotor , and attempts at measuring the noise output of the rotor

w ith the stator removed were thwarted by high background levels from ~i r i e w l y

installed drive mechanism. It is felt that one or both of these measure m ents

should be made before conducting any further experiments on rotor-stmttor

interaction in the annular cascade.

~IL ~~~~~~~ - - 
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~s shown in F i g .  ISa .  In th i s  case , the relative b a c kgr o u n d
level for the  t h i r d - o c t a v e  hand centered at  I~~~O H: m s  e s ti : ’~a t L -d
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SECTION IV

SU~ -1ARY

I n Section 1 , a method is presented for computing the steady loading
on a three-d imensional annular blade row in compressible flow , given the blade

camber line . A kernel-function procedure is used to solve the lineari:ed in-

tegral equation relating the unknown loading to the camber line slope . The

greatest advantage of the solution procedure presented here is that it allows

analyt ical  expressions to be derived for  both the spanwise and chordwisc in-

tegrals which are required . It also allows the various aerodynamic and per-

formance parameters of the rotor to be expressed as simple algebraic functions

of the loading expansion coeff ic ients . :~ -

Comparisons are presented between the predictions of the present

tneory and those of two-dimensional s t r i p theory , as well as wit h-i the results

of an inverse three-dimensional analysis. The three-dimensional and strip

theories show consistently good agreement at mid-annulus , but the three-

dimensional theory predicts loadings which are significantly higher near the

hub and lower near the tip than the strip theory , thus giving much lower

radial variations . Such behavior can be attributed to the induced angle of 
—

attack distribution generated by the trailing vortex wakes , which is net

accounted for in strip theory ; this smoothing appears to be the principle

effect of three-dimensionality, at least for subsonic relative Mach numbers .

When coupled with the analogous treatment of the disturbance flow-

field produced by blade thickness , the loading analysis presented here should

provide an efficient means of studying three-dimensional effects in turbo-

machinery rows . The program should prove particularly advantageous for

evaluating alternate blade camber lines at a given operating condition ; thus ,

it could serve to narrow down the number of candidate blade profiles before

going to a f ini te-dif ference solution of the fu l l  non l inear  equations . It
could also prove usef ul in providing bet ter  i n i t i a l  condit ions to a d i f f e ren c e

scheme , allowing the latter to converge in fewer iterations . 

- -~~~~~~~~~~~~~
--
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In Section I I , the linearized analysis is extended to the study of

unsteady flow through a rotor , such as might be produced by inflow distortion

or blade vibrations . An integral equation is derived which relates the un-

known loading to the prescribed variations in normal velocity at the blade

surfaces. Terms can be identified in the integral equation which represent

the blade wakes. These include elements of both trailing vorticity, produced

by spanwise loading gradients , and shed vorticity, which results from the

temporal fluctuations in loading . Also included are terms which represent

waves propagating unattenuated away from the blade row in both directions .

This acoustic radiation field would be predicted as a by-product of the solu-

tion , with regard to both total acoustic energy flux , and its distribution

among the various propagating duct modes . Though somewhat more complicated

than the analogous steady flow equation , the form of the required integrations

suggests that it can be solved by a suitable extension of the procedure de-

veloped in Section I.

Section III presents comparisons between a theoretical model of

rotor-stator interaction noise , developed under a previous program , and a
current series of acoustic measurements made in an annular cascade facility.

Inputs required by the theory are the steady loading on both rows , which is
used to predict the potential interactions , and the drag coefficient of the
upstream row , which is used to infer the wake velocity defect for the viscous

interaction . These were inferred from experimental measurements of the cir-

cumferentially-averaged turning performance and total pressure losses ,

respectively, across the blade rows .

Theoretical and experimental Sound Pressure Levels at one point in

the duct upstream of a rotor-stator pair were compared from the fundamental

blade passage frequency up through the fifth harmonic. The calculations in-

dicate that the viscous wake interaction is the dominant noise generation

mechanism. The theory overestimates the noise in the fundamental and second

harmonic , while its predictions are too low for the fourth and fifth . The

most likely sources of error in the theory are felt to be in the modeling of

68
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he r o t o r  viscous wakes and the uris teadv ae rodvr imunic response o t~ he down - I
~t~arn s t a t o r  v anes the w,tkt’ mode l is t-~ased on isola ted airfoil J,ita , wh i Ic

the .ierod>- namic analy si s neglects the influen ce o t~ ne i~~hiho 1-ing vanes in  -

s t a t o  r . Pe t a  i led wake su i’ve’ and unste.&dv load measurement S ag a i n s t  wh ch 
-

t o  t e s t  t h i s  h y p o t h e s i s  wer e o u t s i d e  the  scope of the present effort . lt

a iso app eared  t h a t  the experim ental data may have been ht’m iv i lv in I uenced

1w noise generat ion mechanisms other than those conside red in the rotor—

s t a r o r interact ion theo r’- - i n c l u d i n g  the p o s s i b i l i t y  of the rotor  i n t er a c t in g  -
-

wi th the waLes shed by upstream support s t r u t s  -
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Appendix A.

EQUIVALENCE OF THE PRESSURE DIPOLE AND HORSESHO E VORTEX
RE P RESENTATIO N S OF THE STEADY LOADING ON AN ANNULAR BLAD E ROW .

The pressure dipole representation of the rotor used in the steady

lifting-surface calculations can be shown to be equivalent to the vortex
representation used by Okurounmu and McCune 5 7 . In order to demonstrate this ,
the present dipole representation is reinterpreted as a vortex representation ,
to which it must be equivalent if both are valid. The resulting vortex repre-

sentation is then shown to be the same as that of Okurounmu and M cCune .

First , the perturbation velocity potential of a lifting rotor is
wri t t en  in terms of the perturbation pressure , -p , as fol lows : L

= -L~ 
p , r )  (A- i )  

I 
-

Writing the perturbation pressure as the superposi t ion of dipole sol ut ions
and then interchanging the order of integration gives

- 
l
u f i  ~~~~( r D ,~~O

) ~~~~~~~~~~~~~ r~~,~~~0) ~~~~b e , ,  
-~~~ ~~8

(A-2)

or 
- 

_~~ U ~ ~~~~~~~~~~ [f ~ ~‘J d58 (A-3)

where S~ means all  blade surfaces . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
- ~~~

— 
~~~~~CZD1N~~ P1~~ ldt?4~
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Introducing the bound vorticity , ~~
‘ 

, which is related to the blade loading

by 6 -&f /,O~~UR ,

f
~~~~~

rô ,~~~
) ~ ÷(~~~~~)Z [f ~ ( z ’, ~~, r , ~~~~, r~ , 

~~
) d~~~] d S 3

(A-4)

The sign of the vorticity is defined opposite to that in the main body of the

report to be consistent with Okurounmu and McCune . Now it can be shown that

f ~o (Z ’,~~~, r 10 ,  r0 , ~~~~~~ ~~~~~~~~~ 
= r ; ~~~, r 0)  d~~’

Also , the perturbation pressure and potential fields both must satisfy the
same partial differential equation and boundary conditions (see Eqns . (55)

and (56) of Ref. 1). Thus , it follows that the solution for a pressure di pole ,

is mathema tically the same as that for a potentia l doublet , q2~
although the two represent physically different flows . Analogous to the

situation in wing theory (Ref. 16, Chap t . 5), we can then derive the potential
due to an elementary horsehoe vortex as:

= 
~~~~~ 

(~Y~f a0 (~ , ~, r ; ~~ , ~~ , r0) 
~~~ (A -5)

Then Eqn . (A-4) becomes

~ 
~~(ç , E~)~~~ ~~S8 (A-6)

This equation expresses the potential due to a lifting rotor as the super-

posi tion of elementary horseshoe vortices . Each vortex has an infinitesimally

long , radially orien ted bound element located at 
~~ 

r0 and a pair of
trailing vortex filaments lying along the helical undisturbed streamlines .
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In Ref. 5, Okurounmu and ~1cCune developed the solution for equally

spaced , radially orien ted vortex lines (and their associated trailing vortex

wakes) which span the annulus . To show that their solution is equivalent to

that based on a dipole formulation , we proceed as follows . First , we sub-
- ‘ stitute our pressure dipole solution , Egn . (91 ) of Ref .  1 , for ~~ in

Eqn . (A- 5). The requi red integration has already been performed in Ref. 1 ,

and is quoted there as Eqn . (lOOa) . This elementary horseshoe vortex

solu t ion can then be used in (A-6) to construc t the potential field due to

B radially-oriented line vortices whose strength , r , varies with span :

~ 
( C ~ ~~, r 0 , ‘ d 

~~~~ LA - )

Carrying out the required substitutions and the sum ove r , we obtain: 
- -

= 

~~~ /3a~~~ I

8 x ~ vr~84 
~~- ‘8 H~~~-~

~ R~~~k cc~~2rr -3 r ,. ~~~--x k.~ 1~~-~2. 
~
- A

~eo  L ~,34 ~~~~~~~~~~
v•

T 1~ - ( ““)
~f ~~~8k (ç ) P r0) 

[ 
(
~~~r.) a] r0~ r0

R ~U r r ~~~~~~“- ‘ L-

471 3 2 r ,.2 
~~~~~~~~~~~~ (i~JA~~~k ’~ r(~8)~ +‘-. U

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
fR ~~8k

(
~~~)P(ri

• 5 _________  
~~~~~ ~

i8) 2
,i~ ~ -i r 1 (~~~r~)Z 1

1~. ~~~~ (± 2)  

— 

T L A
~~ B kj  - 

~~r , J 
~~~ ‘~‘r~8k

- 
{~~H (z-?.) - iJ

J ~A - 8)
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This solution will now be shown to be equivalent to that derived by

Okurounmu and McCune
5 for the same problem , thoug h they worked from a different

point of view . When notational differences are accounted for the r ’ ’ - o  terms

in the above expression are easily shown to be identical to those in Eqn . (8)

of Ref. 5. However, the key step in demonstrating that the two solutions are

equivalent is in showing that the terms representing the trailing vortex wakes

are the same . These are the rv~~o terms in which appear in the second

and third lines of Eqn . (A-8) ; they will be denoted by &~ for convenience .
Using Eqn. (ia), the wake po ten tial c~~, may be wri tten:

= 
Z ~~~~ c~~~) R~~5k C~~) ~~~(~~84)

r (~~..‘r r ) 2 1 r i÷ (&r 0 
)
h
l

. 1  
(.J ’ H L U  r~~~~~~rLt ~~~~~~~ /w r T %~Z j  L (~4r0~~z j °

~~~~ 8) ~~ U J  ~~ U J
(A-9)

We now employ the addition and subtraction manipulation used in Section IV-C
of Ref . 1 to demonstrate that the expressions for the ve loc i ty  components
contained the correct discontinuities. Then ~~ become s

- a 
~~ ~~~~~~~~~~ 

R
~~ Øk (

~~) f r0) R~~ k ~~~ ~r r r 7. ~~~~~~

r ~ -~8ç
- 

~ / 2 ~: R~~~k C~~
) 

~~~~~~~~r r r ,. 
~~r 

py~~~ 1 YV~P k~~i
‘.1

r r /5~~~~k 
‘
~~ + fl

L~ ~~~~~~~~~ “ ~
,
‘ U ‘ ] (A -b )

L



- 
- - -

___

ihe sum over k in the first line is the Fourier-Bessel expansion for
the sum over r~ yields the sawtooth function ~ def ined  by:

- -~~~~~~~~ ~~~C~~~ 4)

(A- il)

(2~~~ ÷ 7 ) , - r  ~ rr~ - -
= 

~~~~

— 

S 

— 

~ 
.
~~ —

~~~
-i
~~ ’~ ~~~~~~~~~~~~~~~~~~~~~

Note that has a discontinui ty of C — 
)  as one crosses a blade

surface , ~~ ~~~~~~~~~ - in the pos i t ive  direction . By substituting from
Bessel ’ s equa tion , the second lime of (A-b ) can be written in terms of de-
rivatives of the series S,,cr ,r~ ) defined by :

~ R~~ ~~~~ ~~
) R~~ (K ~~ ~~

)
~ ~~~, r~) 

___ + (
~~~fl)2]  

~A - l~~~)

The wake potent ial then reads

~~ 

~~~~~
- — 8 1

(A - 13)

The series defined in IA-U) has been summed by Sa1aun~~ in terms
of modified Bessel funct ions u sing the fo l lowing techni que . If we differen-
tiate the series twice with respect to 0’ , and use the Fourier-Bessel expan-
sion for S(’r-sr,),

~ R~~ (c”) R
~,.,k ( 0 )  v-i ~~o (A- 1~fl

— 5

L
Ik - - - -~~~~~-~~~~~~~~ -‘-~~--- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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then the following differential equation is obtained for 5,.,

1 

~ 
( ~~S~~

) {(~~~~ 2 i] ~ 
- 

(A-15~

where the notation f,, =ru. r/U has been introduced . (Note that the addition

and subtraction manipulation used in Section IV-C of Ref. 1 is equivalent to

substituting for 5,,,, from Eqn . (A-l5)) . This equation is solved subject to

the hard-wall boundary conditions , i.e. that dS~ /d-r -. vanish at the

inner and outer duct walls ~~ = ~~.,
: r~i4- r~ -- U  and 

~~~~ 
r~~Jr’,.. U .  ~toreover ,

S~ is required to be continuous at a ,, -~ 
tT•,.,~ and dS~, /c~

o-, must satisfy the

followi ng jump condition there :

2r(~!~ _ _ _  1 ~~

~~~~~~~ 1
’

s~~~~~
0

J 

- 

n o 
~•~~~lb)

This was derived by integ rating Eqn . (A-is) from C - ~~ to C~ -
~
-
~~~~ .

The modified Bessel functions ~~~~~~ and K~ (a~ ) are linearly

independ en t sol ut ions of the homogeneo us equation for .S~~~, 
. For O~, < 

~~~~~~~~

assume

S~ (o  , cT , )  = C1 (o~~~ ) 1~
(
~~ ) + C2 (~~~,) K~(O’ ,)

(A—l” a)

wh ile for cr,, > cr , set

= C3 (~~~,
) Iy~(U i ) + C4(

~~~ ) Kr~
(d i)

(A- l”b)

The coefficients C , thru C4 are chosen so as to satisfy the boundary

conditions cited above , and the results are :

~
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Ca ~~~~~~~~ [K~~c~~~T ) I~~(~~~~) ~~~~~~~~~~~~~~~~

= ~~
2

K ’ ()~~~~~ ~~~~~~~~~~~~~~~~~ -

~~~~~~~ 

I~~~~n~~ [ C ~~~~~ H T~~
(
~~n0 ) - 1~ ~~~~H n C

~~~.)]

where (A-is)
Z I p , (~~~~~~~

)
~~~~~~~~~~~ v~~~~) 

— I ,, t~C”~,$ ) ‘C tflr~r )

and primes denote differentiation with respect t~ the argument .

Returning to Eqn . (A-13) , if we integrate by parts once in the

second term , make use of the fact that d S ,.,,~~ / d r ~ vanishes at the hub and

tip, and then substitute for 
~~~~~~~~~~~~ 

from the results given in (A-lfl and

(A-is) , we obtain for the wake potential :

8 3
= —1’ r~~~~~~~ - ~~ 

__ _____

~ rr it r,~ ~~., 
S

~~~~~~~

.1
__
p,, 6~

÷ C~~~~~~)f ~~~~~~ ~ K~~8 (
~~~ 90 ) d~~~~6

~ 
C3 (~~~6 ) f  ~~~~ 

_ _ _ _

r ~t, r /
+C 4 (~~ .,~ ) —a- K~~8 (~T a 0 ) d c r~,,,.,

12 
‘
~~~~6 J
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After reorgani :ing the ranges of the integrals above , the exp ress ion in braces

can be shown to be — C ~~ ~~~~~~~~~~~~ , where X ,,, 6 is the wake function jofined

~in Eqn . (5) of Ref .  5. (Okurounmu and McCun e placed their blades at ; —
~~~~

-—

rather than _~~~.L 
, which results in an extra factor of (

~~ 1)
m 

in their

resul t.) The above representation for the wake potential is thus equivalent

to tha t give n by Okuro unmu and McCune 5 in Eqn . (4). 
-

It remains to be shown that the last four lines in Eqn . (A-S~ ,

which contain the exponential factors in ( ~~ 
— 

~~ 
) ,  are the same as the

corresponding ones in the line vortex solution of Okurounmu and McCune . The

equivalence of the r~i = ~’ terms is straight forward , as noted earl ier. For

r-r1~~o , the factors in the braces in Eqn . (A-8) are f i r s t  rearranged , u s ing

the same addit ion and subt rac t ion  manipu la t ion  referred to above . Then , the

following two radial integrals which arise .

rr ( r ) L r -  - r ’

~ 
(~~~~~~)2] 

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~

can be iden tif ied as the coefficien ts of R~~~k / ”~ in the Fourier-Bessel

expansions of the bound vorticity, PL r \  
, and the wake functions . 

~~~~~~~~~~~~~~~

respectively. The latter follows from the above demonstration that the ~‘-

series in the second teri~ of Eqn . (A-b ) is indeed proportional to ~~~~~~~~~~~~~

Okurounmu and McCune refe r to the coefficien ts def ined by the above int eg rals
as r~.,,5k and h,,,8k , respectively. Once these identifications are made ,

the equivalence between these terms and their counterparts in Eqn . (8) of

Ref. 5 is evident.

Thus, we have been able to show that the singularity solutions used

to represent a lifting rotor in the present work can be put in the same form

as those used by Okurounmu and McCune5 . On this basis , we have concluded that

the lifting -surface formulations based on the pressure dipole and vortex rep-

resentations , though in markedly different forms , arc indeed equivalent .
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Appendix B

EVALUATION OF RADIAL IVfEG RA LS

This appendix presents the analytical evaluation of the set of radi-

al integrals defined by:

= ~~~ ~~~~~~~~~~~~~~~~~~~~~ r) d~~~~~ ~B-1

where -~~ , k and ri~~r~ 8 are all integers . The Rflk are linear combinations of

the 5,,, and Y,., Bessel functions :

~~ 

- 
~~~~~ 

—

r~k - 
~~ ~~~~~~ Al

where 6n k  and NJ~ k are phase and norma l ization factors , respectively, which

vary from mode to mode , but are independent of c’ . These func tions are
flscussed at length in Refs . 2-4 , and 15. The procedure used in evalua t ing
the e igenv alue s and eigenfunc t ions for large values of r~ is described in
Ref .  2 2 .

The above in tegra l can be evalua ted by using the following indefinite

integral given by Watson :~~

~ ~~~~(~~~~~) ~ - ç ~~~~~(~~~~ )  s~ -, ~~ , 
(~~~~ ) 

- 
~~~ ~~~, (~~~~) S~~(~) (B-3)

where ~ represen ts ei ther J,, or Y,, and the ~~~ are Lomm el ’ s func tions.

Substitution of Eqns. (B-2) and (B-3) into (B-i) yields :

~ [_
~

_ .f
~ ~ ~ -i)  2,,~ CK ~ ~ ) ~~~ ~,,( 

~~~

- 
[: ( .~~~~ ~~ CK~~~ )] 

S~~~(K~h
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This can be s i m p l i f i e d  by making  use of the Bessel function recursion rela-

t ion ,

= 

~~ cr )  -a-. 
~~~~~~~~~~~

where a prime indicates differentiation with respect to the argument. Also ,

by definition :

~ R~.,k
(K ,,,k a )  

~ ~~~~- ~~, i

This gives

~~ - : )  S e , , ~~~~~~~~~~ ~~~~~ ( - ~~~ ( B -4)

Watson 23 also gives the following recursion formula satisfied by Lomme l ’ s
function :

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -

~~
- ~~ ,~~cr )

which  a l lows  Eqn . (B-4 )  to be put in its simplest form :

~~~~~~~~~~~~~~~~~~~~~~~~ (8-5)

Since R~k at the hub and tip will have already been evaluated as
par t of determining K,,,~ , the only new quantities introduced above are the

Lominel functions. They may be easily evaluated using the formulae cited by
Watson ;23 

since these are all given for rather than its derivative , in
practice Eqn . (B-4) was used rather than (B-5). The calculated values were

checked by recognizing that as defined in Eqn . (B-i) is just the 1< th co-

efficient in the Fourier-Bessel expansion of o’~~~~ , i .e.

= £ :~~ ‘
~~~1i( 

.r~) ‘8-6k . t
Satisfaction of Eqn. (3-6) was verified for several values of , n and 

~~~~~ .
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Appendix C

EVALUATtON ~F AX tA L IN ~’EGRA LS

This appendix presents the analytical evaluation of the a x i a l  in-
tegrals defined ~‘v Eqn . ( 14) .  ~~~~~~ is eas i ly  evaluated after making the
s u b s t i t u t i o n

~~ X ~~ (C - i )
The r e su l t s  are:

~ (C - 2~
L ~~~~~ - 

~~~ C -2)  ~ / 2 (c -2 )  ~

The derivation of the results for C ,,~~ and is rather lengthy,

altho ugh the procedure is s t ra i ghtforward once a few key relat ions are g iven.
Onl an o u t l i n e  of the princi pal steps is given below , followed by the f inal
r e s u l t s :

l~~ The cosines and sines appearing in the integrands of Eqn . (14~
are written as either the real or imaginary parts of complex exponentials ,

and the  region of in tegra t ion  is sp l i t  in two , according to whether z~ is
greater or less than ~

2~ Use is made again of the substitution in Eqn . (C-i); this reduces

the integrands to trigonometric forms involving only sines and cosines of

mult iples of 
~~ 

. For ~ > 1 , set

‘p ,A~~~~~ -~- r ~~~ (~~~~
- z ) - p~ 

-

3) Each integrand will contain an exponential of the form e

where ~ is in general complex. It takes on the values ~ ± J..- L b  where

Si

I - ~~‘— ~~~~~~~~~~ 
.— —— -

~~ 
,- 

~~~~~~~
—---- —



‘ ‘~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
—--,-., ,-.,---, 

—

[ ‘7,. <
. /~-S

~~~~~

L ~~~~~~~~

L ~~~~ ~~r Ir ” 3 ~ 
(L-~~b

The exponential is expanded in a simple cosine series using Eqn . ~9.~~.34) of

Ref . 2 4:

2~~ I,,, (3) ~~~~~~~ C- -fl
m z t

Here I,,(~
) is the modified Bessel function of the first kind of integer order

- N o t i n g  tha t  I ) !  I J~~~~)J , where J’,,,(~) is the regular Bessel
function , and that J,,,C~~

) decays exponentially with n once (7 ~ I~~L (see ,

e .g . , Miche l s , 5
) the series in Eqn . (C-4) can be expected to converge rapidly

once ri exceeds this value.

4~ The in tegrand w i l l  now con tain a series of terms , each of wh ich
involves at worst the product of two cosines. Since we know the series con-

~i’rge as discussed in 3), the integration over ‘p,, may be carried out term-by-

term .

3) The series of integrated terms which result from 4) will have dif-

ferent arguments for I,~, , depending on whether the series arose from the
integra l for ,~~~ greater or less than z . However , the two are related through

I,,, ~~~~~~ 
- 

~~~~.‘ = 
~~
- 

n 
- ~~b)  (C-5)

where the asterisk denotes the complex conjugate. This allows most of the

terms in the series arising from the two integrals to be combined in a s ingle
series , considerably s impl i fy ing the results.
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The f i n a l  r e s u l t s  are given be lo w , where the symbols  r~~ ~~~~~~ :~ot~
rea l and :ra-~in ar v  P a r t s , r e s p e c t iv e ly :

~ 
-
~~~

-,.- ~~
- _
~i_._ ~ - ~ )~‘~~-j~ a.Z ~-a~~oZ  

~~~~~ 
-r ~~~~~~ z~Z ~~~~~ ~~~~~~~~~ ~~

;-

-, ~~~~~~~~~~~~ c~ ~~~~~~ ‘~~~~~ ~~~~~~~~~~~~~ ~~
-~~~4~~~’ ( - 1 )  - _______ 

— — — _ _ _ _ _ _

— 2 ( ~- i — ’ )  2~~’
-’ .•.‘)  ~

~~~ ~~~~~ 
~~~~~~~~~~~ 

- — 
-
~~ ~~~~~~~

4~~’o 
~n 000 C- - a

r ~.&-...(n- t) ~~ ~~~~~~~~~~~~~~~
- _ _ _ _ _ _ _  — — _ _ _ _ _ _

L 2 ( ” - ’  7-, 2 ( ” - ’ ’)  J

~ ~~ ~~~~~ ~~~~~~~ ~~~
-,; - — p ., (‘-/6

•LL
~~~ ~~~ 

- 

~~~~~~ 
~~~~~bz ~~~~~~

_> 2

— 

~~~~~~ -~.(i- -

~~~ 4~~~.-2) ’~~ - —- _ _ _ _ _

~~~~ 
___— 

-~~~— ‘(r t÷.~~~’ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 
‘

L (~~~~~
-

~~~~)  (
~~-~~~2 )

* 
-

~~ 
{
~~ ~

} 
~~~~~ 

‘
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-

~~~

where

= ~ ~~~ :.., - 
~~~~~~ ~~ ~~,

— - ~r — 2.Z — _
= 

~~~~ ‘~ 
— (  

~~~ ~ z~ 7 J
~~~~~~~~~~~~~~~~~ ‘t~..2)-~ - -
_ _ _ _  - 

~~~~ 2)

.i 4~~~e(r1..~.)~~~ 
_________ — 

4 (/ ’ ’ ’2) ~ ~~~~‘~~~ -~ )ô ’

L ~ ‘~‘ ~~~~ (“ -~~ ÷2 )  (.~7 # ~~-2) J

r ~~~~~ 1 
__ ~~~~~~~~~ 1 r1., ev~~1L L~~~- ~ ~ - 1~~. 

~ -J> 

~ 000 .r
where now ~ 

.~.L ,, ~ ~~

rn the above expressions 6~ is the Kronecker delta symbol , defined as one

when i ~ , and zero otherwise. It must also be remembered in evaluating the

sums over r that iL-~ 1 . The special case rn ~ O can be obtained

from the above results by setting b~ o and recognizing that this implies

the Bessel functions will be purely real.

At first glance , the evaluation of Eqn. (C-6) might appear even

more time-consuming than a more straightforward numerical integration . But ,

in addition to the obvious advantage that they are “exact” to any desired

accuracy, depending on how many terms one retains in the sum over ri , there

is one overriding point in their favor. That is, whereas a numerical integra-

tion scheme must repeat every step of the calculation for all combinations

of ,~n , k , ~ and 2 , the above expressions conveniently separate the influence
of each of these indices. For example, once the X.~ are chosen , the values

of~~ and all the sines can be determined; also , functions such as

need to be computed only NM x NK x NL times. Finally, note that the argument

of the complex Bessel function I,, depends only on the two indices ~ and k
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Since this argument is independent of the order , ri , of the Bessel functions ,

one can make use of a very efficient algorithm based on the recursion reiat: ~’n

(Ref. ~6) to calculate all orders of the function at once , for a given ,~, and

.
~ . This part of the calculation need only be performed N’t x NK times.

Results computed from Eqn . ~C-e~) were compared against those obtained

using the numerical integration scheme of O’Hara and Smith for several

hundred representative integrals. The analytical evaluation proved much

faster , and agreement within the l0.~ accuracy required of the quadrature caica-

lation was exhibited in the great majorit y of cases. However, for the high er

values of~, and ~ , the analytical evaluation gave results which were grossly

in error. This was traced to the fact that for large values of ~i and ~~‘o ~~

negative , the left side of Eqn. (C-4~ decays exponentially with a , while

each term in the series on the right side is growing exponen tiall) . - This

leads to similar behavior in Eqn. (C-6 ~ , resulting in excessive round-off

error. The calculations were done on an IBM 36O/t~5 in double precision arith-

tnetic , which can be expected to yield about lf~ significant digits. For these

conditions it was found that round-off error became a significant prob l em when

~2. ~~. 11 , in which case the program automatically revert s to the numerical

integration method cited above . Unfortunately, when ~i. is large I’ is also , and

the resulting highly oscillatory integrand again leads to a time-consuming

calculation . Clearly an asymptotic evaluation of the integrals in this limit

would be preferable; work along these lines has been initiated .

For L , there is yet a further means of streamlining the axi al

integra l evaluations. This is based on the following easily proven symmetry

properties:

: (-~~
) — — ~~

ZCX ) -2

t)  (-1) ~~‘(~~)
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tf the chordwise colloca tion point s , 4 , are s~munetricall~ dispo’ed ahout

the mid-chord , t ~-‘ , then use of the above relation s can cut computing tine

and storage alm ost in half.
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